NCERT Solutions for Class 11 Maths Chapter 13

Limits and Derivatives Class 11

Chapter 13 Limits and Derivatives Exercise 13.1, 13.2, miscellaneous Solutions

Exercise 13.1 : Solutions of Questions on Page Number : 301

Ql:

limx+3
Evaluate the Given limit: *—*

Answer :

limx+3=3+3=06

x—3

Q2:

lim[x ——]
. T 7
Evaluate the Given limit:

Answer :

: [ 22] ( 22]
lim|x—|[=|n——
N1 7 7

Q3:

limm
Evaluate the Given limit: "

Answer :
limar® =n [I }] =7

r—+l

Q4:

Evaluate the Given limit: *** ¥ —2
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Answer :

- 5 4(4}+3 16+3 19
lim = = -
e x—72 4-2 2 2

Q5:
R e |
lim ——
Evaluate the Given limit: *™* x—1
Answer
10 5
; o+ [—]] +{—l] +1 1-1+1 |
1m = = -
== r—1 -1-1 -2 2
Q6:
s
x40y =1
].IITIQ
Evaluate the Given limit: *™" X
Answer :
5
x40y -1
1IITIQ
K =ui] I

Putx + 1 =y so that y A¢4€’ 1 as x A¢a€’ 0.

x+1) -1 ;-
Accordingly. Iim[ ) = lim !
] Y =t J;_l
B
=lim-
vl —]
=50
=3
tim O =
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Q7:
3 —x—10

lim——
. . . f -
Evaluate the Given limit: *** X~ —4

Answer :
0
At x = 2, the value of the given rational function takes the form 0 .
L 3T —x—10 . (x=2)(3x+5)
s lim - = lim
=2 =4 F—2 {1—2}{.1'4'2]
. 3x+5
= lim
a1 o4 2
3(2)+5
2+2
11
4
Q8 :
. =81
lim ——=———
Evaluate the Given limit: *** 2x° —3x—3
Answer :
]
0

At x = 2, the value of the given rational function takes the form
v —81 ) {x—3](x+3}(13+9}
L = lm

=32x" =5x-3 b (x-3)(2x+1)
[Jr+ 3]{1‘1 +9]

= lim
x-23 2x+1
(3+3)(3"+9)
T 2(3)+1
_ 6x18
ST
108
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Q9:

I ax+h
m
Evaluate the Given limit: **" ex +1

Answer :

ax+b _a(0)+b

lim =h
=0 ex 41 ¢(0)+1
Q10:
[
=3 _]
lim—
F—l
()
Evaluate the Given limit; zt =1
Answer :
[
=3 _]
lim—
z—el
zt—]

0
At z = 1, the value of the given function takes the form 0,
1
o | ~ ~
Put £ =X sothat z A¢a€’1 as x A¢a€’ 1.

. T -1
Accordingly, lim | =lim a
o= = vl oy —

-ty

] -\.

= lim
x—+l X-=

— 2_ I!—I

2
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Ql1:

Caxt +hi+e
lim—————,a+b+c=0

-
Evaluate the Given limit: ' ¢x” +bx+a
Answer :
5 2
ax” +hx+e a(l) +b(1)+c

im— =—
wlext+bx+a (1) +b(1)+a

_a+h+e

a+h+e
=1 [a+b+c#0]

Ql12:

1 1
- +_
- — )
Evaluate the Given limit: * "% X+

Answer :

11
_+_
lim &2
x=4—2 x+2
0
0.

At x = &€"2, the value of the given function takes the form

1o [2+x]
. 2+x
T

Now, lim
=2 x+2 -1 _'['.+2
= lim L
x=—2 Zx
-l
2(-2)
Q13:
. sInax
lim

Evaluate the Given limit: **" x
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Answer :

. sinax
lim
i =] bx
)]
At x = 0, the value of the given function takes the form 0 .
. singx . sinax ax
MNow, lim = lim X —
a=pill hx a=pdl a_l{ hx
. sinax i
=lim x| —
—pll Gy h
a . sin ax
=—lim [x—}{]::-m'—}{]]
h.u'—a-ll iy
o . siny
=—x] |1m—J =1
h R LU T
- o
h
Q14 :
. sInax
lim— e
Evaluate the Given limit: *" SIn&x
Answer :
. SInax
lim— e
w0 gin by
)]
0

At x = 0, the value of the given function takes the form
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[sinax]
. ® X
. sinax . ax
Mow, lim— =lim-——
=il gin by v—0 ( gin by
= b
hx

lim sin ax
] ary =i} ax |:x — [} :’ ax _:’ [} :|
()

. (Sinh\' and x = 0= br =10
lim h

. sinvy
|:lll'|1 Z = ]:|
y=l ¥

Q15:

limmn[ﬂ:—x]

S 514 _x
Evaluate the Given limit: T[{II }

Answer :
limsm(n:—x]

It is seen that x A¢a€’ m = (11 4€" x) A¢a€’ 0
.'.Iimsm[n_x]:l i sin (- x)
xR n{n_x) b et (E_x)

=l><1 I:limsmy =|]
T vl }.'

Q16:

. COSX
lim

Evaluate the given limit: *** T—X
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Answer :

1
-y -0 =mn

Q17:

. cos2x-1
lim——
Evaluate the Given limit: **" cosx—1

Answer :
. cos2x-—1
lim ————
el cpsx—1
0
At x = 0, the value of the given function takes the form 0

Now,
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. cos2x—1 . 1-2sin’x-1 X
lim——=lm— cosx=1-2sIn 5
el X - arepld . :.I

cosx—1 1-2sin" — -1

sin“x | .
a 3 )‘\..x
1 I x5
=lim =lim -
e | Tl
5in° . 3
sin 2
2 2|, *
x Y 4
2
-]
. | sIn”x
lim| ——
=4 L] \ X
N
.2 X
sin”
. 2
lim =
T—all [IJ'
5
L2

)
s
lim—2
T X
' 2
2 ) nv
=4— lim=—— =1
1- =it V
=4
Q18 :
. ardxcosx
lim————

Evaluate the Given limit: ***  fsinx

Answer :

. ax - xcosx
lim—m——
w0 hsinx

0
0.

At x = 0, the value of the given function takes the form
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Now,

_ax+xcosx 1 . x(a+cosx)
lim————— = —lim——~
=0 hsinx b a0 sinx

a0

(- o
=—lim Jxllm(fJ'-I-CGSX]

b=t sinx

h ,oosinx | a—b
lim
r—sl X

Q19:

lim xsecx
Evaluate the Given limit: ="

Answer :
. ) x }] 0
limxsecxy =lim = =—_=|)
x—+0 =l cosy  cosl ]
Q20 :
. singx+hx
lim———

Evaluate the Given limit; * " @x +sinhx

Answer :

At x = 0, the value of the given function takes the form

Now,

LIV S lim(a+cosx)

ab,a+h=0

0
0.
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. osIngx+bx
lim——M—
vl gy 4 sin by
SN ax
ax + hx
ax

ax + b.r( sin bx ]

hx

=lim

=il

ay—ll ax a— y—+l1

= A “mm[“m sin bx] [Asx =0 = ax — 0 and bx — 0]

(Iim sma_rjx lim ((ax) + lim by

il sl hrslt yy

_ wepld L

lim ax + lim bx

x—sl =¥l

lim (ax)+ lim bx [ _

lim (ax + bx)

_ x—+l

B lim { ax + bx)

v—sli

=lim(1)

r—wil

=1

Q21:

lim ( cosec x —cot x)
Evaluate the Given limit: *~*

Answer :
At x = 0, the value of the given function takes the form 9 — o

Now,
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lim (cosec x —cot x)

x—ail

. 1 cosx
=lim| ————
=0l ginx  sinx
. (1=cosx
=lim| ———
a0 sy
[l—cosx]
. X
=lim——

K=l SN
X

. l—cosx
lim———
_ gl x
. sinx
lim

xepld x

= —IIC}

x—d} X r—all X

|:|il'l'|w =0 and lim S 1:|

Q22:

. tan2x
lim——

'.l.—hE |

Answer

. tan2x
lim——

0
N = -_—
At 2 , the value of the given function takes the form 0 .
T i
X——=Yy x—>—, y—=0
Now, put 2 so that
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sin 2y

= lim
vy eos 2y

. [sin 2y 2 ]
= lim ¥

v=0l 0 Qv cos2y

[ sin2y ) 2
lim =~ % lim
| 2v— 2}' v r0s 2}
2

cosl)
2

=]}(—

— I

-2

Q23:

2x+3,
lim lim 3(x+l),

Find *~f(x) and **! f(x), where f(x) =

Answer :

The given function is
{Ex +3, x=1
00 = 3(.1:+Ij, x>0

lim f(x)=lim[2x+3]=2(0)+3=3
lim £ (x) = lim3(x-+1) =3(0+1) =3
» lim fx)= lim S (x)=lim f(x)=3

lim £ (x) = lim3(x+1) =3(1+1) =6

[ tan(m+2y)=tan2y |

[}' —+0=2y—> U]

. sinx
|:||m = |i|
x=nl} X

x =i

x =0
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lim £ (x)=lim3(x +1)=3(1+1)=6

wdim f (x) = lim £ (x) =lim / (x) =6

x5l

Q24 :

-1 x=<1
lim =1, x=1

Find *=! f(x), where f(x) =

Answer :
The given function is
-1

-1 x<l

—x =Lx=1

lim £ (x)=lim[ ' ~1]=1*-1=1-1=0

x—l

lim f(x) = lim| —x* —I:I =—I"-1=-1-1=-2

x—1'
It is observed that lim f(x)# lim f(x).
a—+l sl

Hence, lim f(x) does not exist.

Q25 :
H,, x=0
X
lim 0 x=0

Evaluate **" f(x), where f(x) =

Answer :

The given function is
X
U . x=0
X

0, x=I0)
f(x) =
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P Y
S x)= 1y {?
X . . .
— IT'_'H( . ] [Whenx is negaitve, |x| x]
-lim(-1)
—
. | I
lim / 'i-fl—}'m[:
E: N
= lim N [ When x is positive, || = x]
=lim(1)
=1

It is observed that lim f{x)# lim f(x).
a—uli =il

Hence, lim 7 (x) does not exist.

Q26 :

lim =
Find =~ f(x), where f(x) = *=0

Answer :

The given function is
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lim f{r) = lim

xepilf” el

H
5

—lim (-1

X=pi}

_—
lim f(x)= Iimli]
K—i¥ a—ll |.T|

. X
=lim| =
s g

=lim(1)

x—aib

It is observed that lim f'(x)
a—#ll

[When x =0, |r| = —x:|

[When x =10, |J.| = _r:l

lim f(x).

x—lF

Hence, lim f(x)does not exist.
a—ali

Q27
li _
Find -*]—r'r-;l f(x), where f(x) = |t| :
Answer :
_-3

The given function is f(x)
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lim [ |x[-5]

I_in:_ f(x}z lim
=lim(x-3) [ When x>0, |x|=x]

=5-5
=10
fim (x) = lim (x| -3)
=lim(x-5) [Whenx}[}. |x|=x]
=5-5
=10
wdim f(x)=lim f(x)=0

Hence., I'_'ﬂ' f(x)=0

Q28:

a+bx, x<I

4, x=1

b—ax x=1 lim
Suppose f(x) = and if *=! f(x) = f(1) what are possible values of a and b?
Answer :

The given function is

a+bx, x<1
fx)=14. x=1
b—ax x=1

lim ' (x)= Iin}{a+bx) =a+b

= K

lim f(x)= Iirl](.h—ax] =h-a

vl T

f(1)=4

It is given that I_in'lnf{x} = f(1).

s dim f () = lim 7 (x) = lim £ (x) = £ (1)
—a+h=4andbh-a=4

On solving these two equations, we obtain ¢ =0 and b = 4.

Thus, the respective possible values of a and b are 0 and 4.
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Q29

Let Gy Gy oy 4, be fixed real numbers and define a function
f(x)=(x=a)(x-a,)..(x—a,)
lim 2, a4y lim

. o (4
What is *7 f(x)? For some " compute == f(x).

Answer :
The given function is f{x}:{x “ }{x m} [x_a”}.
!1_£lﬂlj{ x)= IIm[ t—u,][x—u:}...[,1'—51”]]

~[tm(e-a)[tme=a.) |- [im(-a)]
=(a,—a )a—a,)..(a—-a,)=0

Now, !I_II]I f(x)= ELmu[ x—a)(x-a,).(x—a, }]

- |:|Tm-:{}_ a, }][I_im (x—a, ]:|...|:1im{_1' -a, }:I

N—*il T—ra

=(a—a)la-a)..(a—a,)
~im f(x)=(a—a)(a—a,)..(a—a,)

A0

Q30:
[x[+1, x<0
0, x=10
|I—L x>0
If f(x) = .

lim
For what value (s) of adoes *— f(x) exists?

Answer :

The given function is
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f+1, x<0

f(x}= 0, x=1

-1 x>0

When a =0,

lim f(x) = lim (|x]+1)
=lim(-x+1) [Ifx <0, |[x]=—x]
=—0+1
=1

lim £ ()= lim (| ~1)
=lim(x~1) [1fx >0, [x]=x]
=0-1

Here, it is observed that lim f'(x) # lim £ (x).

—wll x—il
~lim f'(x) does not exist.
a—ll
When a <0,

lim f(x)= lim ([x]+1)

=lim(-x+1) [x-::ﬂ{ﬂz;» |x|=—x:|

R Jt

=-a+l

lim £ (x) = lim (|x|+1)

¥ —f v—pir’

=lim(—x+1) [a{x{ﬂ:} |x|=—x:|

%0

=-a+l
~im f(x)=lim f(x)=-a+1
Thus, limit of /' (x)exists at x = @, where a <0,

Whena>0
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lim f(x)= lim (| x|-1)

K —FI:I X —:"I:I

=lim(x-1) [D{ x{u:,‘=|.r|=x:|

I—¥0

=a-1

llI‘I‘l f(x)= lim (|x| 1)

=1ll'l‘l[_1'—l} [D{ a-c::x::-|x|=x]
=g-1

s lim f(x)=lim f(x)=a-1

Thus. limit of /' x)exists at x = a, where a > 0.

lim f(x)
Thus, +* exists for all a # 0.
Q31:
f 2
L limf(x)
If the function f(x) satlsfles ol x' =1 , evaluate *—*! .
Answer :
f{x]—E o
| L |
lim(f(x)-2)
lim (x° —1}
:}\—bl( }:nlhi—rﬂ(x-_l}
:,v\l_r}rll(f(:-. ):n(ll—l)
= lm(f(x —2)=[}
= hrrllf' } |1rr||2 ()

:::hrnf' \c} =0

L

I1ml"['~:}— 2

K=

Q32:
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mx” +n, v<0
fx)=1nx+m, 0<x<l

nx’ +m, x>1

Answer :

The given function is

mx” +n, x<i
S(x)=9nx+m, N<x=l
nx’ +m, x>

lim f(x)= 1|_r’rt1l{mr +n)

K=+l
=m(0) +n
=n

lim £ (x) =lim (x+m)
=n(0)+m
=M.
lim f(x
Thus, “—* f( } exists if m=n.

lim f{x)= lim (nx+m)

x—l
=n(l)+m
=m+n

lim /' (x)=1lim (nf +m)

T el
= H{I}J +m
=m+n

cim f(x) = !iT flx)= |lll':'|1f{‘i'}

Teil

lim f(x)

Thus, ! exists for any integral value of m and n.

Exercise 13.2 : Solutions of Questions on Page Number : 312

Ql:

Find the derivative of x?- 2 at x = 10.

Answer :

lim f(x)

. For what integers m and n does +—!

and

lim f

=l

(+)

exist?
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Let f(x) = x* &€" 2. Accordingly,
F(10+ k)= £(10)

10)=lim
f{ ] fi—slb _|Ir-!I
[(10+h) ~2]~(10*~2)
= lim
Fe—sll h
10 +210h+ R =210 %2
= lim
Fpall h
C 20h+ K
= lim=——
Tpall h
_m{zﬂm} (2040)=20

Thus, the derivative of x* 8€“ 2 at x = 10 is 20.

Q2:

Find the derivative of 99x at x = 100.

Answer

Let f(x) = 99x. Accordingly,
mnm} £(100)

£7(100) = lim-

fa—#lk

100+ /) =99(100)
99 +) (

fr— 0l

. ‘}‘}xlﬂﬂﬂ}‘}h—‘}*}xll}l}
= lim

sl h

T ﬁgh
- Jr—+01 h
= Iirn(??} =909

Sp=all

Thus, the derivative of 99x at x = 100 is 99.

Q3:

Find the derivative of x at x = 1.

Answer :

Letf(x) = x. Accordingly,
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Thus, the derivative of x at x = 1 is 1.

Q4:
Find the derivative of the following functions from first principle.

(i) x* &€“ 27 (ii) (x 4€“ 1) (x 4€“ 2)

1 x+1
iy ¥ vy x-1
Answer :

(i) Let f(x) = x* &€" 27. Accordingly, from the first principle,

flx+ h]— f(r]

f'(x)=lim T
[{x + h)j - 2?}— {:':'i - 2?]

=lim

Tr—sl) h

. X + R 3 h+3xh X
=lim

Fr=ald h

L #3xh+ 3k
= Ilm1
= !JLT.‘.“’ +3x + 3xh}

=0+3x7+0=3x"

(ii) Let f(x) = (x 8€" 1) (x &€" 2). Accordingly, from the first principle,
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. _ f(x+h)=-1(x)
f)=ln=—
=“m(_‘r+I}-I]{.‘r+h-2]—[_ﬁ;—I}[x—E}
fr—si1 h
; (¥ +hy—2x+hx+ I = 2h—x—h+2)—(x" - 2x—x+2)
= im
Fp—sl .llli"
i (h,:.‘+h,r+h:—2h—a‘t)
=lim
Fr—sil h
_“mzmmf-sh
Fr—=ail If-lr
= lim(2x + h=3)
=(2x+0-3)
=2x-3
1
f(x)==
(iii) Let X Accordingly, from the first principle,
)= i D=1 )
’ bl I
1 __1
e
fr—l h
=lim—

] ¥ —{x+h}::|

W0k | xz{x+h}:

=lim— - -
h=0 fp x“[x+h]_

ff-f-ff-gﬁx]

=lim—| — ;
k| x (x+h)

. —h-2x
=lim —
"*“”[x‘ l:_r+h]']
0-=2x =2

TP(xe0f ¥

| —h:—Ehx]

x+1
X)j=——

(iv) Let ' x—1. Accordingly, from the first principle,
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1 F(x+h)—=f(x)

-f (x)_hl—[;[;:- h
[x+h+|_x+l]
i xRl 31
=

=lim

0y (x-1)(x+h-1)

l’(x—l}{x+h+])—{x+1}{x+h—1}}

y 1_Lf+hx+x—x—h—ﬂ—tf+hx—x+x+h—ﬂ
o g (x=1)(x+A-1)
-Ihn——_ —2h
k=0 Jp _{x—l]{x+h—|]
= lim —
D [x—l}{x+h—]}
-2 -2

TG (x-1)

Q5:

For the function

IIUU IU'Q _‘{2
x)= + +..+—+x+1
f[ } 100 99 2

£(1)=10077(0)

Prove that

Answer :

The given function is
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(ICH)

L) “.l
X

flx }—T—+—+ +—+r+l

100

L r(x)=2

d

LSO

o

99 2

xllm x'—Jl-" IE
+—+. +—+x+l
LED 99 2 ]

r]l.ltr d x*:"‘-] d I_'-‘ d d
+—| — [+t —| = [+ —(x)+—(1)
100 ) dxl 99 del 2 ) dx dx

On using theorem di(.t”) =nx""', we obtain
n

_f }_

II'JI'JJ{"“I 991‘” N 2x

A—t 1410
99 2

=x" 4y x4+

F(x)=x"

Atx =10,

f(0)=1

Atx=1L

+x o x+]

S)=1"+1" 1+l =11+ 1+ =1x100=100

Thus

Q6 :

1{H Eerme

(1)=100x £ (0)

T =l X n-2 n—l n
Find the derivative of ¥ +&X +a x “+..+a X+da for some fixed real number a.

Answer :
o T
gpw_ d
()=
= d
dx

+ax" '+ @t o+ d v+ a”

" I | 2 w2 n-l_ ”"
(.\ +Tax: +axvv+..tac Xt a )

Iy Y |
)+1—(\ )+a d.\( )+ +a" dx(.\)+a =

: d 2 :
On using theorem — x" = nx"™'. we obtain

="

= nx"

'va(n=-1)x""+a* (n=2)x""+..+a

dx
+a(n-1)x""+a*(n-2)x"" +...+a"" +a"(0)

=l
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Q7:
For some constants a and b, find the derivative of
X=d

(i) (x 4€“ @) (x 4€“ b) (i) (ax® + by’ (i) X—Hh

Answer :
(i) Let f (x) = (x A€ @) (x 4€" b)
= f(x)=x"~(a+b)x+ab

f'[x} = %{x: —{r;r + b}:ﬁ- nh}

d, . d d
= E{x )—{a +FJ]£I:X}+E(GPJ}

|

. d .
On using theorem —(x" ] =nx"", we obtain

el

S (x)=2x—(a+b)+0=2x-a-b
7(x)=(ax* +b)

= [(x)=a’x"+2abx* +b’

(ii) Let

5 o __‘1_:4 2 2=-’_d_“>irih2
st (-V)_d.\‘(a x ke Laba +h) ¢ .:/.r(x )+..¢1/)(h(.\' )+d.r( )

. d 2 :
On using theorem —x" = nx""'. we obtain
dx

f'(x)=d* (4x“)+ 2ab(2x)+b7(0)
=da’x" +dabx
= 4(:.\'(0.\'"‘ + b)

. (x—a)
Let f(x)=—=
(i) (x=1)

=re-535)

By quotient rule,
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7 )—('t'b]i(‘""’]‘(““”]iﬁ-*-b]
| B [x—b]g

D0 -(-a))
(x=b

_x—b-x+a
(x-b)

_a-h

(x-b)

Q8:

x'=a"

Find the derivative of ¥ —# for some constant a.

Answer
Letf (x)=*

, d|x"—a"
i‘””:a[ J

By quotient rule,

(Jr— a};i(x" - a”)—(x” —.-::”):;{x —ﬂ}

e {x—a}z
a0 ()
(x—a)
i (x—a)
Q9:

Find the derivative of

Zx—g

@) 4 (i) (5x° + 3x 4€“ 1) (x 4€“ 1)
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(i) x* (5 + 3x) (iv) X® (3 &€“ 6x**)

2 x

(v) x5 (3 a€« ax*s) (vi) X+1 3x—1

Answer :

fx)=2x-2
(i) Let 4

£(x)= i[l.,._ij

dy 4

2 -4 (3)

dx dy\ 4
=2-0
=2
(i) Let f (x) = (6x° + 3x &€ 1) (x &€ 1)
By Leibnitz product rule,

f‘{x}=[5x" +3_r—l)di[x— I]+{x—1)j—x(5_rj +3x—1)
=

X

Sx7+3x=1)(1)+(x—1)(5.3x° +3-0)
(57 +3x—1)+(x—1)(15x" +3)

S+ 3r—1+15x + 3150 -3
206 =15y +6x—4

(iii) Letf (x) = x* (5 + 3x)

By Leibnitz product rule,
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, L d 1.
f {_r):xJ;r{5+3x]+{5+3x};r[x )

=x }{{]+3}+{5+3x][—3x )
=x " (3)+(5+3x)(-3x7)
=3y 15y = 9x”

=—6x —15x"

=-3x 3(2 +£]
X

=3

X

(2x+5)
= ;—f'(s +2x)

(iv) Let f (x) = x® (3 &€" 6x°°°)
By Leibnitz product rule,

- S0 200

AN
=x 0-6(-9)x "} +(3-6x7)(5x")
= x’ [54_:'”' }+1 5xt =300
=54y #15x" =302

= 24x7 +15x
24

3

X

=15x" +

(V) Let f (x) = X (3 &€" 4x%°)

By Leibnitz product rule,

S(x)=x" iﬁ —4x7 )+[3 —4x'5)%(x4]
=x {n -4[-5}:;'5"] #(3-4x ][-4}1'*"
=x (2027 )+ (3-4x 7 ) (—4x7)
=20x" - 1227 + 165"

=367 1217

12,36
5 n

X

2 X

wiyLetfy= ¥+1 3x—I
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oo d( 2 d ¥
f{x]_dr[:r+lJ dx[k—l]

By quotient rule,

_(x+ |]jx{2}—2 i{.w 1) ) (S.r—l]i(f)—x: ir{lt—l}

/)= (x+1) (x-1)

:(nu(n)—zm}ltﬁr—ntzx}—(-ﬂ{ﬂ]

(x+1) (3x-1)°

2 6x° —2x—3x°
(x+1) I (3x-1)’

2 [aeoa ]

(x+1) | (3x-1)
-2 x(3x-2)
(x+l): {3I—|]:

Q10:

Find the derivative of cos x from first principle.

Answer :
Let f (x) = cos x. Accordingly, from the first principle,

oy g (X)) = f(x)
S'(x)=1lim i

=}

__cos(x+h)-cosx
= lim
Fr—al
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. l—cosh . .
=—cos x| lim——— |—sinxlim

=~ cos.x(0)-sinx(1) Pm

[im
fi—di

[m

h—l

lim

f=pll

[ cos xcos - sin xsin ki —cosx
h
—cosx(l—cosh)—sin xs.inh}
h

—cosx(l-cosh) sinxsinh

h [

[sinhNﬁ

h—s1l fe—li h J

=il

=—3sinx

S f(x)

Q11:

= —sinx

Find the derivative of the following functions:

(i) sin x cos x (ii) sec x (iii) 5 sec x + 4 cos x

(iv) cosec x (v) 3cot x + 5cosec x

(vi) 5sin x - 6¢cos x + 7 (vii) 2tan x - 7sec x

Answer :

(i) Letf (x) = sin x cos x. Accordingly, from the first principle,

l—cosh

=0 and lim

=i}

sinh I
h
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. - Sx+h)=S(x)
()=t ")
—lim sin(x+h)cos(x+h)—sinxcosx
fi—sld h
= !sz—;[zsjn{x+!r}cm{x+fr}— 2sin xcos x]
N )
= !Jl_rmﬁ[sm 2(x+h)—sin 2x]
. 1[ 2x+2h+2x h+2h—21}
=lim 2cos 5in
JJ—;I!IE}? 2
. |[ 4x+2h . Eh}
=lim—| cos sin—
Jl—pl]h 2 2
:!j_.::%l:cgs{zx+h]sinh:|
= limcos (2x + &).lim > 4
f—pld 11—k
=cos(2x+0).1
=gos2y

(ii) Letf (x) = sec x. Accordingly, from the first principle,
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v v S(x+h)=f(x)
f(x)= lim ,
i sec(x+/)—secx
=0 h
1 1

= liml -
w0 h| cos(x+h) cosx

lim : _cosx—.COS(XH’)
= m—
h—0 ,) i cos.\’COS(x + I')

. [ x+x+hY., (x=x-h
—2sin| —— |sin| ————
| | 2 2
= dim—
cosx =0 h cos(x+4h)
. (2x+h) . h
=Zsin| —==—[sm| =<
| T 2 \ 2
= dim —
cosx "0 fy cos(x +/)
sin h
2x+h 2
sin
2 h
| . 2
= Jim
cosx /i cos(x+h)
T 10/ . [ 2x+h
Sin| — sin
e 2 2 2
= dim dim
cosx ", (h) =0 cos(x+h)
i 2
oalll lsinx
COSX  COSX
=secxtanx

(iii) Letf (x) = 5 sec x + 4 cos x. Accordingly, from the first principle,
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f(x+h)=1(x)

f'(x)=Ilim
N ( ) hl—.u h
Ssec(x+h)+4cos(x+h)—|5secx+4cosx
i sec(x+h)+4cos(x+h)—[5secx+4cosx]
L2 h
sec(x+h)- -+ h)—cosx
- un[ (x+h) seca] ,[COS(J ) cos\]
h=0 h h—MI I.’
o | | 1 ol
=5lim— -~ +4hm—[cos(x+h)-cosx]
#=0 | cos (x+h) cosx Hih fy

+4lim— [cos;\cosh ~sinxsin /1 —cosx|

h_w 1

[ cosx—cos (x+/)
-0 J | cos .\‘cos(-\‘+”)

, (.\'+.\‘+h]. (x—x—h]
=2sin - |sin
| 2 2

——Ilim— +4hm—| —cosx(l—cosh)—sinxsinh
COoS XY Ji—=0 h CcOs (x + h) h—;() 1 I: ( ) :]
. ('2x+h]. ( h]
_ -2sin| ——— |sin| ——
5 o 1 2 L 2 ; (l—cosh) sinh
= dim— + 4| =cosxlim ——= xlim ——
cosx 0 f cos(x+#) =0 h b0 h

=——li 2 4| (—cosx).(0)—(sinx).
_COSA";}T' cos(x+h) +4[( )-(0)~(sinx) I]

— =

: ( 2x+h ) .
= sin sin
> 2 :

- | lim Jim
cosx | 0 cos(x+h)

| =
o

—4sinx

N |

5 sinx
= d—4sinx
COSX COSX

=S5secxtanx.—4sinx

(iv) Let f (x) = cosec x. Accordingly, from the first principle,
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J'(x)=lim

ha(h

f(x+h)—f(x)
h

g % i1 X :
! (.\)-Ihlmz[cosec(.\ﬂi)—cosec.\]

=lim—| — : o .l
s fy _sm(x+h) sin x

1 [ sinx—sin (x+h)}

=lim—| — -
il s|n(x+h)smx

, x+x+hY . (x=x—=h)
2cos| =~ |'sin 3 —J

=lim— : .
0 fp sin{x+ /1)sinx
[ (2.\'+h). [ /’)
2cos sin| ——
. 2 2
= lim - ; :
s fy sin (x+/A)sin x
sin L
B 2x+h 2
cos| —— | fh)
5
=lim - —
fi=) sm(x+h)sm.\‘
2x+hJ\ . /’)
—CO8| —=—= sin; —
lim 2 lim 2
=lim| — = |
=0 sin(x+A)sinx | 7 [QJ
: 3

/

_[_=cosx
sinysinx /)
= —cosecx cot v

(v) Let f (x) = 3cot x + 5cosec x. Accordingly, from the first principle,
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f(x)=li

mf{x+f.r}—f[x}

H—ih

h

3cot(x+h)+ Scosec(x+h)—3cot x - Scosec x

= lim
h—i

=

h

=3 Iim%[cm (x+h)- -:ot:r] +5 !I_]]I'Il cosec(x+ /1) — cosec .r]

Now, lim%[cot{x+ h]—cnt x]

fr—wi}

=lim—

1 _D[‘.h‘i[l-l-ﬁ] _C(}S_T]

bkl sin(x+h)  sinx

bl g _sinx-‘iiﬂ[x"'h]_

»=0 b sinxsin(x+h)

nﬁ] : 1
. lim — -
b= sin x-sin (x + )

[ s
=—| lim——
b=l

1 _m}.ﬁ[,r+ h)sin X = C0S X 5in {x+ k}]

sinxsin(x+h)

| i Sin(_l:—x—ﬁ} |

5in{—h)

=]

“sinx-sin(x+0) " sin’x

— = —cosec’y -(2)

A1)
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lim %[cosec (x+h)- cosecx]

=timo|— ] ]

il fp _sin{x +h} sinx

] _sinx-sin[x+h}]

i fi| - sin(x +)sinx

_,i [x+_r+fr] . (.r-x-}}]
Zcos -5In
I 2 2

= sinfx+#)sinx

I [2x+h] . [ .fr]
€03 smf =
1 2 2

fisl fy 5in { X+ f;} 511 ¥

=lim
it sin( X+ f)sinx

(3x+h] ) (h]
— oS 5111
=lim = Jdim =

| sin(x+h)siny | 2, [ﬁ]

il 1
sinxsiny )

= —COosecy cot X -(3)

o)

From (1), (2), and (3), we obtain

J"(x) =-3cosec’x — Scosec x cot x

(vi) Let f (x) = 5sin x &€“ 6cos x + 7. Accordingly, from the first principle,
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S'(x)=lim

=0

f(x+h)=f(x)
h

=lim ~[55in(x+h)—6cos(x+h)+7 ~5sinx+6c0sx—7 |

Nl h

—lim 5{sin(x+h)-sinx}-6{cos(x+h)- cosr}]

=0 h

=5lim— [sm(\+h snm] ~6limL cos(x+h)—c03x]

h-;ll 7 = /]
i ﬁ[zc (,1_..!115_) (}_t_’:z)]_é Jiy 08 ¥ €08 i—sin xsin /i—cos x
h-sli 2 2 Bl h
2x —cosx(l— h)—smxsinh
el 2cos(”"+h)sinﬁ i cosx(1—cos/h)—sinxsin
=0 fp 2 2 h—s0 h
sin h
2 =Cosx(1—cos/ Inxsin /
=5lim cos[ Y+h) —2 —6Iim[ s 1)_sm tsmh]
=i 2 h =0 h h
2
sinh
v ~
=5|i|imcos("\+hﬂ lim—-2 [(—cosx)[hml msh] Sin X llm(S h):l
il 2 !’_,“ (7 = h Ni—sl) h

2
=5cosx.1-6[ (~cosx).(0)—sinx.1]
=5c0sx+6sInx

(vii) Let f (x) = 2 tan x &€" 7 sec x. Accordingly, from the first principle,
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F1(#)=tim LR (%)

fr-»0) h

=lim ILEZtan (x+h)~7sec(x+h)—2tan x+Tsecx |
1l 1 -

=lim ~1~[2 {tan (x+ /1)~ tan x} - 7 fsec(x + h) - sec \}1

fi—0) h

=2lim 4 tan (x + /1) - tan .x'] ~7lim —I-[sec(.\' +h) - secx:l

a0 /]

ofim | SR +A) sinx | o oM 1
0| cos(x+/) cosx | #0h|cos(x+h) cosx
:Zh,ml_sin(,wh)cos.\‘—sinxcos(.\'+h) ek cos.x —cos(x+4)
w0 fy| cos xcos(.x+ /) w0 fi| cosxcos(x+h)
5 un[ XFXERN (x—.\'—h
i =2sin| ——— |[sin| ————
1| sin(x+h-x) : L 2 - 2
=2lim— —7lim
=0 k| cosxcos(x+h) | 0k cosxcos(x+h)

v

+h) .. [ h
Jsm .
2)

sinh I 1 - Sm[ 2
:ZIim|:L ] :|—7lim— =
h

e cosxcos(x+h) e fy cosxcos(x+h)
( A ﬂn(2x+h
~osinh [ | . S L 2
=2| Iim lim ~7| lim = | im
Wl -0 COS X COS(.\'+ h) 11. - {1 10 COS X COS(.\' + h)
- ~
\ 2

Il

1

| sin X
| —7 || ————
COS X COSX COS X COS X

]
2sec” x—Tsecxtanx

Exercise Miscellaneous : Solutions of Questions on Page Number : 317

Q1l:
Find the derivative of the following functions from first principle:

(i) a€“x (ii) (a€“x)*™ (iii) sin (x + 1)
5
Cos| X ——
(iv) 8

Answer :
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(i) Let f(x) = &€*x. Accordingly, fx+ h) =—(x+ h}

By first principle,

f h)y-f
£ (x) = fim T )= ()
i —w b h
_lim—(x+h}—{—x}
=ik h
. —Xx—h+x
=l
h—} h
=lim—
-0 |y
L

) -1 S
f X)=1|=—X I:—:— f(x+llj_
(i) Let ( } ( } —X X Accordingly, {x * h)

By first principle,
F{x+h)-f(x)

f'(x)=lim
1 -1 [—I]
=lim— - —
+0h| x+h |\ x
1 -1 1}
= lim— - —
h+0h| x+h x
im -x+(x+h)
ieih| x(x+h)
= lim—

=0 h| x(x+h)

. I_ h
=lim—
h-*”h_x[x+h}

(iii) Let f(x) = sin (x + 1). Accordingly, f{!{ N h} - Sm(x Ll I)

By first principle,
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F(x+h) f'{w:;l

f'(x)=Ilim

la=wlh

—|]l‘ﬂl sm[:x+h+l} sin(x+1) ]

h—sl

1 X+h+1+x+1Y . .\'+h+1—x—l]
=lim—| 2cos sin
h—;IJhI: [ 2 ] [ 2 ]
) I[ [2};+I1+2) . [hﬂ
=lim—| 2 cos| ——— |sin| —
b b 2 2
sin[h]
2x+h+2 . 2
* 3
2
ﬂin[h]
:Iimc:(:s(h+h+2]-lim 2 Ash—;{]::-%'—:-{]}

h—si 2 %_..u [E] |
“ 2

= lim| cos

b=l

2x4+0+2 sinx
=cos| ———— |1 1 m =1
2 | s X
=cos(x+1)

f(x}:ms[x—i] f[x+h}zcns[x+h—£]
(iv) Let 8 . Accordingly, 8

By first principle,

£(x) = hmf[x+h]—f{x]

hipdl

=lim—| cos| x+h=-— |—cos| x——
h;nh|: 8 8
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(?Hh—;*"—;] Xx+h-r x4
= lim—| =2sin~ sin 8
h— [y 2 2
| 2x+h—= |
=lim—| =2sin 4 -
it [y 2 2
| \

= I —3]
|_II_I;l'I'lI s 2 [ﬂ]
2

_ (2x +h—? sm[%}]

=lm|—-sin| ——— | [.lim Ash—=l=—=1
hi—sl0 2 2

HE
L \, 2
2x+0-%
= —5in 4 N
2

:—sin[x— :]

( T sin[h]
21+h—1 ) 5 |: I_I :|

b

Q2:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-
zero constants and m and n are integers): (x + a)

Answer :

flx+h)=x+h+a

Let f(x) = x + a. Accordingly,

By first principle,
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Q3:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-

{px+q}[£+.s']

zero constants and m and n are integers):

Answer :
r

Letf[.r}={px+q][;+s}
By Leibnitz product rule,

ot r ' r ]
1'(x) =(px+q)(—+s] +[—+s](px+q)

X X

r '
Les (o)

X

~(pe+q)(-n?) [ Ss

ol i)

+ ps

=(px+q)(rx +s)' +[

X X : X

Q4

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-
zero constants and m and n are integers): (ax + b) (cx + d)?
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Answer :

Lot flx)= {ax+b}(cx+d]:

By Leibnitz product rule,
S (x)=(ax+b) i (ex+ d): +(ex+ d)" z (ax+b)
dx dx

=(ax+ b)i(cl.\'z +2cdy+d’ ) +(cx+d) i(a\' +b)
dx dx

d, .. d d 2[d .4
+b )+ (2edn) +-d* [+ (ex+d) | ax+ b
(ax )[dx(c X ) d\‘( cdx) m ] (cx+d) [dxa\ = j|

(ax+b)(2c*x+2cd )+ (cx+d*)a

=2¢c(ax+b)(cx+d)+a(cx+d)’

Q5:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-
ax+h

zero constants and m and n are integers): ex+d

Answer :

ax+ b
Let (I}zcx+d
By quotient rule,
(cx+d) d (ax+b)—(ax+b) d (ex+d)
_?ﬂ(-‘f]= dx . dx
(ex+d)
_(ex+d)(a)-(ax+b)(c)
- (ex+d)
_acx+ad —acx — be
- {c.r+a’}:
ad —bc
(cx+ d;l3

Q6 :
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Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-
zero constants and m and n are integers):

I+—
.
I-I
X
Answer
I x+1
I+ v+1
Let.f[x}:]_”{'::x"fl :;‘_l*wharex;tﬂ
X x

By quotient rule,

(x—l)i{x+l}—(x+l)%{x—l)

f(x)= ¢ L x#0,

(-
_ =D ) = (et )(1)
(x—1)

r=1=x=1

=TT =0,
(x—1)

=——7.x#0. 1

(x=1)

Cx=,

Q7:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-

1

2
zero constants and m and n are integers): &% +hy+c

Answer :

f(x)=

Let ax” +bt+c*

By quotient rule,
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= d d 5
av +hr+c 1)— av- +hx+c¢
fa(xlz( )dx() fﬁ'( ]

[ax? + by + c}'

(ax: + bx +.:'){D)—{1ax +b)

i} {ax? +hx+ ::'):
B —[Em:+i:r]

=

(mrJ +hx+ 1:']_

Q8:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-
ax+bh

>
zero constants and m and n are integers): px-tgxtr

Answer :

L:etf(x}z

ax+b
,;::uu:j +gx+r

By quotient rule,

(pf +qx+r)£{ax+b}—{ax +b)£(px3 +qx+r)

f‘(x:I= . 3
(px' +qx+r)
(px* +qe+r)(a)—(ax+b)(2px+q)
(px:+c;rx+r}:
_apx’ +agx +ar —2apx” — agy - 2bpx — by
) (p:r: +gx+ r]:
—apx® =2bpx +ar —bg
(]nu-2 + g +r):

Q9:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-
pX +qx+r

zero constants and m and n are integers): ax+b
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Answer :

_pxtgxtr

Lelfl[x} ax +h

By quotient rule,
(m:+b)i{pxl +qx+r)—(px: +gr+ r]i{mﬁ h)
el v
(|51.3:‘+-_‘9]3

(ax+b)(2px+q)—(px* +qu+r)(a)
(ax+b)
3 2apx” + agx + 2bpx + bg — apx” — agx — ar
B {a;r-lrb}:
_apx” +2bpx+bg—ar
C (ax+b)

£(x)=

Q10:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-

a b

—4——3"{‘ CDs X

zero constants and m and n are integers): ¥ X

Answer :

Let/(x)= %— ‘h +Cos.x

o d( a d( b o
x)=—| = |-—| —= |+—(cosx
/ (\) t/.\‘[.\") ¢/.\'[.r‘) zl.r( OR)

=u 4 (.vr’J )— h 4 (.\": ) + a (cosx)

dx dx dx
=a(-4x7)=b(-247")+(-sinx) [% (x")= n.\'""and%_ (cosx)=—sin .\']
—4a 2bh .
s—F—+—F—8SInx
X &

Q11:
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Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-

zero constants and m and n are integers): 4"4G -2

Answer :

Let f(x) =4x-2

Q12:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-
zero constants and m and n are integers): (ax + b)"

Answer :
Let f(x)=(ax+b)". Accordingly. f (x+ /)= {a(x+h)+b| =(ax+ah+b)

By first principle,
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()= lim L= ()

h-l) h

g (ax+ah+b) —(ax+b)

Al h

-“m(u_\'+h)'(l+u_:lf‘b) —(ax+h)’
) h
(l+ ah )"_l
=(ax+h)’ lim s
1) h

—(tn+h) llml l+n[ &4 )4—'7("—')( i J+ -1
¢ g ax+b 2 \ax+b

(Using binomial theorem )

_l 2,1
( ah j+n(n ya'h

ax+h)  |2(ax+b)’

N —l 3/
=(ax+b) l|m|:( inl +n(n J2 7-+-.,_:|

D40} U\+h) I_(m+b)

y na
=(ax+b +0
(c ) l:(a\’ +b) ]

(ax+b)’
( ax+bh )

=(ax+b)" lim 1 n

st h

+...(Terms containing higher degrees of /1)

=na

=na(ax+h)""

Q13:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-
zero constants and m and n are integers): (ax + b)" (cx +d)"

Answer :

f[l} = (ax +b]" [{'_1' +d}

i

By Leibnitz product rule,
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£(x)=(av+ B S (evrd) +(evrd)' S(aes) (1)
Now, let f, (x) = (ex+d)"
fi(x+h)=(ex+ch+d)"

£ (x)=lim fi{x+h)=fi(x)

Jr—sl) h
=i ( ex+ch+d )m - ( ex+d )m
Jr-sld h

e ex+d

=(c.\'+d)”'|'imll (I+ 2 ) —I:I

[ 3 ] _ZhZ
= (cr+d)" lim [|+ meh_ m(m=1) (¢ +...]-|]

h=0 jy (ex+d) 2 (ex+d )2

W oge - _l .Jl 2
=(cx+d) lm]l mch +m(m )e ‘;
fral) I' _((.'\.+d) 2((.-1_-*-‘/).

(cx+d)" lim| — =008
=(cx+¢ —+...
| (ex+d)  2(ex+d)

= ((:\' +d )m [ me + 0]

ox+d

+...( Terms containing higher degrees of /1)

- me(ex+d )'"

(L'.\'+d)
=mec(cx+d )""’l
%{cx +a:¢’]"r :mc(cx+ d)m_l {2)
Similarly, di{uxm}" =na(ax+b)"" ~(3)
X

Therefore, from (1), (2), and (3), we obtain
[(x)=(ax+b) {mc (ex+d)"" } +(ex+d)" {m(ax+b}"_1}
=(ax+b)"" (ex+d)" [mc{ﬂx +b)+na(cx +d}]

Q14 :
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Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-
zero constants and m and n are integers): sin (x + a)

Answer :
Lo/ (x)=sin(x+a)
f(x+h)=sin(x+h+a)

By first principle,

]n.f(x4-h)—_f(x)

"(x)=1
f (‘) fa—() h
- !im sin (x +/7+a])—5l'n(.\‘+a)
|—al! y

W x+h+a+x+a) . [ x+h+a-x-a
=lim—| 2¢os sin
ht f 2 2 ,

s . 2x+2a+h) .
=lim—| 2cos —= sin

h—) ,1

. | A
(2.\'+2a+h sm( J

{44
|| J 2
= lim/| cos
Jieal) 2 h
{'5)
sm[l—
AL 0
=Iimcos(2'\+"a+h)lim 2 As h—>0:>h—->0]
b= \ 2 )T,‘*" ﬁ L 2
) (2)
2x+2a [ sinx
=cos| —— [x1 lim =1
\ 2 [0y

Q15:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-
zero constants and m and n are integers): cosec x cot x

Answer :

Lot S(x) = cosec x cot x

By Leibnitz product rule,
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£'(x) =cosec x(cotx) +cot x(cosec x) (1)
Let f; (x) = cot x. Accordingly, f, (x + &) = cot(x+h)

By first principle,

£ (x) = lim LE+HA) = 4(3)

Jr—edi h

t{x+#h)—cotx
:ljmcn[t )—cot

f1=ai}

. ccs{x+h}_cn5x
o 0 hl sin(x+h)  sinx

I |_sin.rcns(x+h)—a.:nsxsin{xﬂr}}
=lim—
h—ik

sin xsin(x+/)

1| sin(x-x—h)
=lim : .
hstt fy _5][]3,‘5[“ [,1[' + h}

1. 1| sin(-h)
=— lim—| —————
sinx =0 fr| sin(x+h)
-1 sk |
=——| lim lim————
ginx La=se h =0 sin (x + h)

-1 |
= 1|-—
sinx [sm{xﬂl]J

-2
sm x

= —cosec’x
-.(cot x) =—cosec’x (2)

S (x+h)=cosec(x+h)

Now, let f,(x) = cosec x. Accordingly, =

By first principle,

T fz(.‘r+}?}—f:[x}
Sy (x)=1lim p

B =D

= lim l[coscc (x+/h)—cosec :4.']

b=l fy
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1f 1
=lhm—| — -
i i sin(x+h)  sinx

=lim—| — -
>0 k| sinxsin(x+h)

1 sinx—sin (Jr - h}:|

A 7 o R
2cns['r+x+hjsin| ey h)
| | 2 L 2
=— |lim— -
sinx 0 sm{x+h)
., [:um] : [—h]
2cos sin
1 ) 1 7 [ ]
=—— |lim— — =
sy el fp S|n{x+ h}
Ny 2x4h
~sin ZJ cos| =

= 1im

sinx o [E] sin(x+h)

2
[2.\: + hJ
05
. 2
lim

o (h
) 5in E
sinx -0 [ﬁ] =0 sin(x+h)

= im
¥

2540
L Ims >

Csinx sin(x+0)

-1 cosx

sinX Sinx
=—cosecx. cotx
[
~.(cosec x) =—cosecx.cot x -(3)
From (1), (2), and (3), we obtain

/" (x) = cosec x(—cosec’x ) + cot x(~cosec xcot x)

= —cosa.:ix - t‘:t:i't2 X Ccosecx

Q16:
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Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-
COs XY

zero constants and m and n are integers): I +sin.x

Answer :

flx)=

Let 1+sinx

COEX

By quotient rule,

. (1+sin x}i[cns,r}— (cosx) %{1 +sinx)

f'(x)=

(1+sinx)’

(1+sinx)(—sinx)—{cosx)(cosx)

(1+sinx)’

—sinx—sin” x—cos” x

(1+sinx)’

—sinx— [sin: X +C0s” x]

Py
&

(1+sinx)

- (1+sin x]:

—sinx—1

~ —(1+sinx)
 (1+sinx)
o

~ (1+sinx)

Q17:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-
5N X + Cosx

zero constants and m and n are integers): SHL.X—CO3X

Answer :

5iN x4+ Ccosx
flx)=———
Let SiN X —Cos X

By quotient rule,
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(sinx—cosx) i (sinx+cosx)—(sinx+cosx) d (sinx —cosx)

£(x)= e

(sinx - cos _r):

(sinx —cosx){cosx—sinx)—(sinx+cosx)(cosx+sinx)

(sinx—cos x}:

~(sinx - cosx)” —(sinx+ cosx)

(sinx—cos .1’):

—[r;inJ Y408 x—28inXCosx +8in" x4+ cos” x+ 2sin xcos x]

(sinx—cosx)’
e
: (sinx—cosx)’
-2

(sinx —cos :.r):

Q18:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p, g, r and s are fixed non-
secx —1

zero constants and m and n are integers): S€¢ X +1

Answer :
secx — |
flx)=—"—
Let secx+1
1
_COSY _ ]_C{}SI
flx)= I l4cosx
+ 1
cos XY

By quotient rule,
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(]-i—::{}F.Jf]i(]—mﬂx}—(l—cnﬁ_l')j (1+cosx)

r'(x)- Z

(1+cosx)’

(1+cosx)(sinx)—(1-cosx)(-sinx)

(1+cosx)
_ sinx -+ cos xsinx + sin x - sinxcos x
— 4
(I+cosx)
~ 2sinx
(1+cosx)
- 2sinx  2sinx
L ¥
I} (secx+1)
[n (secx+1)
SeC X sec” x
~ 2sinxsec x
(secx+1)
2sinx
secy
_ COsX
(secx+1)
~ 2secxtanx
(secx+1)

Q19:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-
zero constants and m and n are integers): sin" x

Answer :
Lety = sin" x.
Accordingly, forn =1,y =sin x.

— =cosx, Le, —sinxy=cosx

Forn=2,y=sin’x.
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dv d . .
;== =—(sin xsin :r}
dx dx

r r
=(sinx) sinx +sinx(sinx) [By Leibnitz product m]e]
= COS X' SiN X +5in X cosx

= 2s5in x COS X (1)

Forn =3,y =sin®x.

Ay _d

. .I = E(Sln.\ sm .\)
= (sin x) sin® x +sin x(sin’ .\')' [By Leibnitz product rule]
= cosxsin” x+sinx(2sinxcosx) | Using (1) ]

= cosxsin® x+2sin’ xcosx

=3sin’ xcosx

S I SO
— 51N X ]=ns1Nn XCO05 X

We assert that €%

Let our assertion be true for n = k.

. ;—i(sin" x}:ksin”_”xcnsx {2}
ie.,
Consider

;i (sin*" \) = :{1‘ (sinxsin’ _\')

- ' . 3 - - 3 ¥ . -
=(sinx) sin‘ x+sin .\'(sm‘ .\') [By Leibnitz product rule|
. FETNDPRTSy i Lo | s fy
=cosxsin’ x+smnx|Asin’ ' xcosx [Usmg (..)]
=cosxsin' x+ksin' xcosx
=(k+1)sin" xcosx
Thus, our assertion is true for n = k + 1.

« n _ o m=1) .
—1 51N X|=Hn5IN XCOs5 X

Hence, by mathematical induction, dx

Q20

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-
a+hsinx

zero constants and m and n are integers): ¢ +dcosx
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Answer :
Lﬂt.f{x} _ a-+hsiny

c+dcosy

By quotient rule,

(¢+dcos x]i (a+bsinx)—(a+bsin x]%[cw dcosx)

fix)=

(c+dcosx)
_(e+dcosx)(beosx)—(a+bsinx)(—dsinx)

2

(¢+dcosx)

_ cheosx+ bd cos® x + ad sin x + bd sin” x
(c+dcosx)

becos x + ad sin x+ bd(ms: x+sin’ x}

(c+dcosx)’

_ becosx+adsinx+bd

(c+dcosx)’

Q21:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-
sin(x+a)

zero constants and m and n are integers): Cosx

Answer :
sin{x+a

f{_x} :M
Let COS X
By quotient rule,

dr. . el

cosx——| sin(x+a)|-sin(x+a)-—cosx
1(x)=—& =

cos’ X

dr . . .
ms:ra[sm{x+a]]—sm (x+a)(—sinx)

r ()= : ol
cos” x
Let g(x) =sin(x+a). Accordingly. g(x+h)=sin(x+h+a)

By first principle,
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gx+h)-g(x)

g'(x)=1lim

fa—sll

—]1111—[sm x+h+a)-sin(x+a)]

Jr—=l}

{ (1+h+a+,1+a] [r+h+a—v aﬂ
=lim—| 2cos
Ti—d) I'l. y
|: (2x+ '»'.:1'+.I51'\‘I J:|
=lim— ML
Ji=ul) h
. [EJH- Zﬁ'+h }
= lim| cos
Tr=uli 2
fsm E
:Ii11wnt.fx+2a+ﬂ.lnn1 2 Aﬁh—}ﬂ:}jj—}{}
sl 2 Ji| (A i 2
2 LE
2x+2a  sinh
=|cos——— |=| lim——=1
2 s
=cos(x+a) (i)

From (i) and (i), we obtain

/'(x)=

_ cos(x +a—x)

c{mx-cm{x +a] +sinxsin(x+a)

2
cos™ X

2
Ccos™ X
_ Cosa

)
COs5™ X

Q22:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-
zero constants and m and n are integers): x* (5 sin x - 3 cos x)

Answer :

{x} ¢! (5sinx—3cos x)

By product rule,
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" d ... e i )<
f'(x)=x'—-(Ssinx—3cosx) + (Ssinx - 3cos x)—(x')

d . d X d
=x' [Sg{sm x}—SE(cos_r]} +(5sinx —31:05;]3[14}
= x*[5cosx—3(—sinx) [+ (5sinx—3cosx)(4x")

= x'[5xc0os x+3xsinx+20sin x—12cos x|

Q23:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-
zero constants and m and n are integers): (x* + 1) cos x

Answer :
X =(x:+l]cosx
Letf{ )

By product rule,

f(x)= [x: + I)%{cosx}+c05x;—i[f + I)
= (Ji: +I]{—sinx}+ cosx(2x)

=—x"sinx—sinx+2xcosx

Q24 :
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-
zero constants and m and n are integers): (ax® + sin x) (p + g cos X)
Answer :
x) =(ax® +sin x) +gCosx
)= (p+gcosx)

By product rule,

f’{.‘c}=[a~r" +sin x]i{p+qc{}5x]+[p +q u:_rsx}%(crc! +sinx)
[fey X

- (m‘z +sin r] (—gsinx)+( p+gcosx)(2ax+cosx)

= —gsin _r:(m': +sin r]+{p +gcosx)(2ax +cosx)


www.ncrtsolutions.in
www.ncrtsolutions.in

Q25:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-

. (x+cosx)(x—tanx)
zero constants and m and n are integers):

Answer :

{r} (x+cosx)(x—tanx)

By product rule,

S'(x)=(x+cosx) {:; (x—tanx)+(x—tanx) {;: (x+cosx)

=(x+ uuﬁ-\'}[%{—*’]— %[tun x}} +{x—tanx)(1-smx)
=(x+ -:nsx][l —%tan x}+ (x—tanx)(1-sinx) ()

etg{x]=tanx g(x+h)=tan(x+h)

. Accordingly,

By first principle,
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gn(x} _ Elm g(I'F hli —j;’(.l‘}
_ lim{ tan (x +ﬁr}—tan.\:J
=11 -P!-T
= lim

1 _sin{_r+h} ~sinx
st fy _cos{x +h) cosx

=lim—
b fy cos(x+h)cosx

| 1 _sin{x+h—.w:)]

1 [ sin(x-+h)cosx—sinxcos(x+ h]}

Jdim
cosx i il cos(x+h)

1 | I sin fr
= ..I]]TI— —_—
cosx = | cos(x+h)

I, sink) (. |
|| Tim S m
cosxy bt bt cos(x + h)
b
cosx  cos(x+0)

]
COS™ X

=sec’ ¥ (i)
Therefore, from (i) and (ii), we obtain
f'(x)=(x+cosx)(1-sec’ x)+(x~tanx)(I-sinx)
= (x+cosx)(~tan® x )+ (x— tan x) (1 -sin x)

=—tan’ x{x+cusx}+{x—tanx}{l—tiin x]

Q26 :

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-
dx+5sinx

zero constants and m and n are integers): X+ 7CO8X

Answer :
L 4x+5sinx
flx)=ge
Let Jx+Tcosx

By quotient rule,
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(3x+7cos J.}: (4x+5sinx)—(4x+5sinx) jx{i’rx +7c0sx)
X

I(x)=

(3x+7cosx)’

3x+Tcosx 4d X +5ﬂr sinx)|[—(4x+55mnx 3dx+?dcns_r
( )4 @)s |

Fehy oy

(3x+7cosx)’
(3x+7cosx)(4+5cosx)—(4x+5sinx)(3-Tsinx)
(3x+7cosx)

C12x+15xcosx+28cosx+35c0s” x—12x+28xsinx —15sin x+35sin” x
(3x+7cos I:I:

15xc08 x +28C08 x + 28xsin x —15sin x +3:‘r(c053 ¥ +8in° x}

(3x+7cosx)’
_ 35+ 15xcosx+28cosxy+28xsinx —15sinx

(3x+7 msx]:

Q27:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p, g, r and s are fixed non-
zero constants and m and n are integers):

x? COS[E)
4

sin x
Answer :
s s
X cos[z]
fx)=—
Let 5in x

By quotient rule,
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sin x i (_r*' } ~x? i_(sin x}

(%) = cos—~
f{x]—cns4,

sin” x

= c0s

: 2
T sinx-2x—x cosx
sin” x

Xcos : [2sinx— xcosx]

. 2
sin” x

Q28:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p, g, r and s are fixed non-
X

zero constants and m and n are integers): | +tanx

Answer :

f(x)=

Let I+ tan x

X

i (1 +tanx]£(x)—x%(l +tan x)

f'(x)

Iil +tanx)’

(I +tunx]—.ra d {l +tan_1r]
£1(x)= ax Q)

(1+tan x)’

Let g(x) =14+ tan x. Accordingly, g(r+ h)=1+tan(x+ h).

By first principle,
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= lim

—ld

{Iﬂan{xﬂ?)—]—ranx}

h

N Hml_xin{x + 1) _sinx
=y _mﬁ{x | h} COs X

. [ sin(x+h)cosx—sinxcos(x+h)
= 1 =
by cos(x+h)cosx

sin(x+/ —x) ]

.
= lim—
b0 fi| cos(x+h)cosx
. sin fi
= lim—
b0 fi| cos(x+h)cosx

. sin )
=| lim | lim
| = oo [.1' + fr} COs X

=1x =sec’ x

3

COs" X

:}i{I—I- tﬂnx]=sec31 L i)
el

From (i) and (ii), we obtain

_l+tanx—xsec’ x

/(=)

{1+ts;1r1,vc;i2

Q29

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-
zero constants and m and n are integers): (x + sec x) (X - tan x)

Answer :

Lot/ (x)=(x+secx)(x—tanx)

By product rule,
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F(x)=1(x+sec x]%[:—tan x)+{J-'—THﬂJ')%[x+Sf‘-:-T)

= (x+sec I}Lfi[v‘f) —i tan x]+{x—tan _x'}[%[x}.p %m _‘.}

X

=(x+sec x}{l - itanx}ﬂx— tan x][l - iscc x]
dx dx

Let f,(x)=tanx, f,(x)=secx
Accordingly, f(x+h)=tan(x+h) and f,(x+h)=sec(x+h)

.,q'[x]=mn[ﬂ{x+fg—mx]]

Jiepl ]

:h_m(tan[:r+h]—tanxJ

Ji—eld h
tr a —
=Iim{ an(x+h) t;me
hi— h

L] sin(x+h) ~sinx
=0 h| cos(x+h) cosx

| _Sin{x +h)cos x —sinxcos(x+h)
=0 h| cos(x+h)cosx

1| sin(x+h-x) |
w20 fy| cos(x +h)cos X |

1l sinh 1
=0 h| cos(x+h)cosx

. sinh |, 1
=|lim—— || lim
iy h cos(x+ ) cos x
|

4
Cos™ X

=sec’ x

d o .
= —tfanx =sec” X )
gl
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I (x)= lim[ f: (*‘+f')—./;(x)]

Ji—0 h
sec{x+/1)—secx
— lim (x+h)—secx
1= h

[ I
=lim— -
=0y | cos (x+ h) cosxY

= lim-—
=t cos(x+h)cosx

1 Pcos.\‘—cos(.\'+h):|

[ ; (.\'+.\'+h] 5 (r-.\'-h]
=2sin -sin
| 2 2
= Jim—
cosx Fi-u fr cos(x+/)
[ . 2.\'+/f) ) (—h‘
—2sin -sin| —
| | 2 2
= Jdim—
cosx 0 Jp cos(x+/)

| G
= dim
cosX 0 cos(x+/)

- -

ol
mn[~]l
Vs
Jlimsin(ix-i,l )} lim—— 2
2 Ji

frs0 ) " /;——
. 2
=secx. -
limcos(x+/)
Ji=sl)
sinx.|
=secx.
COS X
o
— —Ssecx=sccxtany . (1)

ax
From (i), (ii), and (iii), we obtain

S (x)=(x+sec x]{l —sec” x)+{x— tan x ) (1+secx tan x)
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Q30

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-
X

M
zero constants and m and n are integers): Sl X

Answer :

Let fx)=

X

sin” x
By quotient rule,

. ,od d .,
sin" x——x—x——sin" x

f-f {_‘{'] — dx cx

sin”" x

—sin”" x =nsin""' ¥cosx
It can be easily shown that dx

Therefore,

d

sin"x—x—xsin"x
dr

f"{x]: dr In .

in”" x

sin” x.1- x(n sin"”' xcos.r)

sin™ x
sin”" x(sinx—nxcosx)

sin x
B Sinx — nycosxy

hi“ -l ¥
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