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EXERCISE

SHORT ANSWER TYPE QUESTIONS

Q1. Give an example of a statement P(11) which is true for all n > 4
but P(1), P(2) and P(3) are not true. Justify your answer.
Sol. The required statement is P(n) =2n <n!
Justification: P(n) : 2n <n!
P(1):2.1 <1! = 2<1nottrue
P(2):22<2! = 4<21 = 4<2nottrue
P(3):23<3! = 6<3.2.1 = 6<6not true
P(4):24 <4l = 8<432.1 = 8<24 True
P(5):25<5! = 10<5.4.3.2.1 = 10<120 True
Hence, P(n) = 2n <n! is not true for P(1), P(2) and P(3) but it is
true for all values of n > 4.
Q2. Give an example of a statement P(n) which is true for all n.
Justify your answer.
Sol. The required statement is

n(n+1)
P(n):1+2+3+...+n=T
e 1(1+1)
Justification: P(1) : 1= —
k(k +1) )
P(k) : 1+2+3+..+k= > . Let it be true.
Pk+1):1+2+3+..+k+(k+1)
k(k+1
= (k+ )+(k+1)
_ (k+D(k+2)
- 2

Hence, P(k + 1) is true whenever P(k) is true.

Prove each of the statements in Exercise 3 to 6 by the principle of
Mathematical Induction.

Q3. 4" -1 is divisible by 3, for each natural number n.

Sol. LetP(n):4"-1
Step 1: P(1) = 4—1=3 which is divisible by 3, so it s true.
Step 2: P(2) = 4~ 1 =3A. Let it be true.
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Step3: P(k+1)=4"1-1
=4k 4-1=44"-4+3=44"-1)+3
=43\ +3 (from Step 2)
= 3[4\ + 1] which is true as it is divisible by 3.
Hence, P(k + 1) is true whenever P(k) is true.
23" —1is divisible by 7, for all natural numbers .
. LetP(n):2%" -1
Step 1: P(1) = 231~ 1 =8 -1 =7 which is divisible by 7.
So, P(1) is true.
Step 2: P(k) = 2% -1 =7\, Let it be true.
Step3: P(k+1)=23¢*D_1
=2%*3_1=232%_8+7=-82%_-8+7
=8(2%-1)+7 (from Step 2)
=87\A+7
= 7(8\ + 1) which is true as it is divisible by 7
Hence, P(k + 1) is true whenever P(k) is true.
n® —7n + 3 is divisible by 3, for all natural numbers 7.
Let P(n):n®—7n+3
Step 1: P(1) = (1°=7(1) +3
=1-7+3=-_3 which is divisible by 3.
So, it is true for P(1).
Step 2: P(k) : k®>— 7k +3 = 3\. Let it be true.
= I =3\+7k-3
Step3: Pk+1)=(k+1)°-7(k+1)+3
=IC+1+3k*+3k-7k-7+3
=10 +3k* -4k -3
= 3L+ 7k —3)+3k*—4k-3 (from Step 2)
=3k2+3k+3L-6
= 3(k* + k + L — 2) which is divisible by 3.
So it is true for P(k + 1).
Hence, P(k + 1) is true whenever it is true for P(k).
32" —1is divisible by 8, for all natural numbers 7.
Let P(n): 3% -1
Step 1: P(1) : 32 = 1 =9 — 1 =8 which is divisible by 8.
So, it is true for P(1).
Step 2: P(k) = 3% -1 = 8. Let it be true.
Step3: P(k+1)=3**D_1q
=3%+2_1=323%_9+8=9(3%-1)+8
=98\ +38 (from Step 2)
= 8[9A + 1] which is divisible by 8.
So it is true for P(k + 1).
Hence, P(k + 1) is true whenever it is true for P(k).
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For any natural number 1, 7" — 2" is divisible by 5.
Let P(n): 7" -2"
Step 1: P(1) : 7! - 2! = 5 which is divisible by 5.
So it is true for P(1).
Step 2: P(k) : 7° - 2¢=5). Let it be true for P(k).
Step3:  P(k+1) = 7k"1-2k*1
= 7kl e 7k 7k o+l
= (7K1 =7k 2) + 7k 2 —2k* Ty
= 77 = 2) + 2.(7F = 2%
= 5.7+ 2.5 (from Step 2)
= 5(7% + 2)) which is divisible by 5.
So, it is true for P(k + 1).
Hence, P(k + 1) is true whenever P(k) is true.
For any natural number 1, x" — " is divisible by x — i, where x
and y are any integers with x # .
Let P(n) : x" —y"
Step 1: P(1) : x' -y = x — y which is divisible by x —y.
So P(1) is true.
Step 2: P(k) : x* — yF = (x — y)A. Let it be true.
StepS: P(k+1)=xk+1_yk+1=xk+1_xky_xky_yk+1
- (xk+1 —xky) + (xky _yk+ 1)
= —y) +y (" -y
= (x—y) +y.(x—y)A (from Step 2)
= (x —y) (x* + y\)which is divisible by (x — ).
So, it is true for P(k + 1).
n® —n is divisible by 6, for each natural number 1 > 2.
Let P(n):n®—n
Step 1: P(2) : 22— 2 =6 which is divisible by 6. So it is true for P(2).
Step 2: P(k) : k°> — k= 6). Let it be true for k > 2
= K =61+k ..(i)
Step3: Pk+1)=(k+1)°-(k+1)
=KP+1+3K%+3k-k-1
=K —k+3(,k>+k)
= 61+ 3(k* + k) [from ()]
We know that 3(k* + k) is divisible by 6 for every value of k € N.
Hence P(k + 1) is true whenever P(k) is true.
n(n? + 5) is divisible by 6, for each natural number 7.
Let P(n) : n(n?+5)
Step 1: P(1) : 1(1 + 5) = 6 which is divisible by 6. So it is true
for P(1).
Step 2: P(k) : k(k*+5) = 6. Let it be true.
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= I + 5k = 6\
= I = 6\ - 5k ..(0)
Step 3: P(k+1) = (k+ 1)[(k+1)*+5]
= (k+ D[k +1+ 2k + 5]
= (k + 1)[K? + 2k + 6]
=k +2k* + 6k + k> + 2k + 6
=K +3k*+8k+6
=k +5k+3k*+3k+6
= 6\ — 5k + 5k + 3(k* +k+2) [From (i)]
=61 +3(k* +k+2)
We know that k¥ + k + 2 is divisible by 2 for each value of k € N,
so, let k> + k +2 =2m.
So P(k+1) = 6\ + 3.2m = 6(A + m) which is divisible by 6.
Hence, P(k + 1) is true whenever P(k) is true.
n?<2" for all natural numbers 7 > 5.
Let P(n) : n? < 2" for all natural numbers, n > 5
Step 1: P(5) : 1°<2° = 1 <32 which true for P(5).
Step 2: P(k) : k> < 2. Let it be true for k e N.
Step 3: P(k+1): (k+1)? <21
From Step 2, we get

K2 < 2k
= K+2k+1<2k+2k+1
= (k+1)? <2+ 2k +1 ..(i)
Since (2k +1) < 2
So K2+2k+1 < 2k+ 2k
= K+2k+1 <22k
= K+2k+1 < 2k+1 ..(ii)

From eqn. (i) and (ii), we get (k+ 1)><2F* 1,

Hence, P(k + 1) is true whenever P(k) is true for ke N, n>5.
2n < (n +2)! for all natural number n.

LetP(n):2n<(n+2)! forall ke N.

Step 1: (1) : 2.1 < (1+2)!

= 2 < 3! = 2 <6 which is true for P(1)
(- 31=3x2x1=6)

Step 2: P(k) : 2k < (k +2)!. Let it be true for P(k)

Step 3: P(k+1): 2(k+1)<(k+1+2)!

Since 2k < (k+2)! (from Step 2)

= 2k+2 < (k+2)1+2

= 2(k+1) < (k+2)1 +2

Also, (k+2)!+2 < (k+3)!
2(k +1) < (k +3)!
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= 2(k+1) < (k+2+1)! which is true for P(k +1)
Hence, P(k + 1) is true whenever P(k) is true.

Ji<t i L p L for all natural b >2
\/T \/E \/E Or all natural numbers 7n =2 Z.

1 1 1
Let P(n) : n < —4+—+..4—, V=2
o AT BT
Step 1: P(2) \/§<1+l hich is t
ep H : T TW 1CN 1S true.

Step 2: P(k) : Jk < \/_ \/_ \/1_ Let it be true.
Step 3: P(k+1): /k+1<\/_ \/_ \/1*1

From Step 2, we have

1 1
Jk < \/_+T+ +ﬁ
1 1

- \/?+,/k+1

+ —+—= +i+ ! j
Now if k+1 < \/_— “k+1+1

Jk+1

= (k+1) < k. Jk+1+1
= k< Jk.Jk+1 ... (i)

From eqn. (i) and (ii) we get
1

1 1
\/m < ﬁ+ﬁ+.'.+—m

Hence, P(k +1) is true whenever P(k) is true.

2+4+6+...+2n=n”+n, for all natural numbers 7.
Let P(n) : 2+4+6+..+2n=n*+n, Vne N
Step 1: P(1) : 2=12+1=2
which is true for P(1)

Step 2: P(k): 2+4+6+...+2k = k> +k. Let it be true.
Step3: P(k+1)2+4+6+...+2k+2k+2
=k +k+2k+2=k>+3k+2
=K2+2k+k+1+1
= (k+1)*+ (k+1)
Which is true for P(k + 1)
So, P(k + 1) is true whenever P(k) is true.
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1+2+2%+ .. +2"=2"*"1_1 for all natural numbers .
LetP(n):1+2+2%+...+2"=2""1_1, ne N.
P(n):2°+2'+ 22+ aono gl
Step 1: P(1) =2° = 2041_122_1=1=2" which s true.
Step 2: P(k) =20+ 2!+ 22+ .. + 2K =2k*1_1 Let it be true.
Step 3: P(k + 1) =20 + 2! +02 4 4ok a kL
=2k+1 1+2k+1 22k+1 1=2k+2_1
= 26+ *1_ 1 which is true for P(k + 1)
Hence, P(k + 1) is true whenever P(k) is true.
1+5+9+..+(4n-3)=n(2n - 1), for all natural numbers n.
LetP(n):1+5+9+...+(4n-3)=n(2n-1), Vne N
Step 1: P(1) : 1=1(2.1-1) = 1 which is true for P(1)
Step2: P(k): 1+5+9+ ...+ (4k-3) = k(2k - 1). Let it be true.
Step3:P(k+1):1+5+9+ ...+ (4k-3) + (4k+ 1)
=k(QQk-1)+ (dk+1)=2k> -k + 4k +1
=2k2+3k+1=2k>+2k+k+1
=2k(k+1)+1(k+1) =2k + 1)(k+1)
=(k+1)2k+2-1)=(k+1)[2(k+1)-1]
Which is true for P(k + 1).
Hence, P(k + 1) is true whenever P(k) is true.
A sequence a,, a,, aj ... is defined by letting a, = 3 and a"i_ 70, _4

for all natural numbers k > 2. Show that a, = 3.7" " for all
natural numbers.
Given that: =3
=7a, ,=7.a,=73=21
=7.ay_,=7.a,=721=147
Let P(n):a, =3 L' VneN
Step 1: P(2) : a2 = 3721221 = 21 = 21 which is true for P(2).
Step 2: P(k): = 3.7¢~1 Let it be true.
Step 3: ak =7a,_4 (given)
Put k=k+1
a,,,=7a,=7@371)=37+1-1=37kD-1
which is true for P(k + 1)

Hence, P(k + 1) is true whenever P(k) is true.

Asequence by, by, b,, ... is defined by letting b,=5and b, =4 +b,
for all natural numbers k. Show that b, =5 + 4n for all natural
number 1 using Mathematical Induction.

We have b,=5and b, =4 +0b, _,
=b,=5b=4+b,=4+5=9and b,=4+b,=4+9=13

Let P(n):b,=5+4n

Step1:P(1): b, =5+4=9 = 9=9 which s true.
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Step 2: P(k): b, =5+4k. LetitbetrueVke N
Step 3: Given that:

P(k)=4+0b, ,
= Pk+1)=4+b,,,_,
= P(k+1)=4+b,=4+5+4k
= P(k+1) = 5+ 4(k + 1) which is true for P(k + 1)

Hence, P(k + 1) is true whenever P(k) is true.
Q19. A sequence d,, d,, d,, ... is defined by letting d, = 2 and

2
d, = h for all natural numbers k > 2. Show thatd = 0 for

all n ekN.
) d_y
Sol. Given that: d,=2andd, = p
2
Let P(n) : d, = )
2
Step 1: P(1) : d, = T 2 which is true for P(1).
2
Step 2: P(k) : d, = R Let it be true for P(k).
. d 4
Step 3: Given that: d, = P
d - @ = d_k
1 k+1 k+1
1 1 2
= d

1T s 1 T k1 k!

= Which is true for P(k + 1)

i 2
1 (k+ 1)
Hence, P(k + 1) is true whenever P(k) is true.
Q20. Prove that for all n € N.
cos o+ cos (o + B) + cos (o0 + 2B) + ... + cos (o + (1 — 1))

cos [(x + (112_1)[3} sin [112[3}
) B
Sol. LetP(n): cos .+ cos (a+ ) + cos (o +2P) + ... + cos [o.+ (1 — 1)B]
cos [oc + (;12_1)[3} |:sir1 ”2[3]

B B

sin =
2

sin
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(cos o) (sin 2)
Step 1: P(1) :cos a. = B =Cos o
sin —
which is true for P(1)

Step 2: P(k) : cos .+ cos (0. + B) + cos (0. +2B) +... + cos [ou+ (k— 1)B]

ofor 5 ()

= . Let it be true.

sin %
Step 3: P(k+1) : cos 0.+ cos (0. + 3) + cos (ot +2P) + ... + cos [+ (k—1)B]

+cos [o+ (k+1-1)B]
_ cos [oc + (kgl)ﬁ} sin (kzﬁ)
p

sin =
2

+ cos (o + kB) (from Step 2)

2 cos [06 + (k;ljﬁ} sin (%) +2cos (o + kB).sin g
p

2 sinE

el 2}l Dl ] s )
25ir1ﬁ

[ 2 cos A sin B=sin (A +B)-sin (A-B)]

sin[oc+k[3+[ﬂ—sin(a_gj

2 sin E
2
2cos (oc + @) sin(k + 1)E
- 2 2
2 sin E

.sin

. . A+B A-B
‘s sinA —sinB =2cos

cos (oc + I;—B).sin (k+ 1)%
sin%
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k+1-1 . (k+1
cos [oc+( 5 )B} sin (ZJB
= B which is true for P(k + 1)
sin —

Hence, P(k + 1) is true whenever P(k) is true.

in2"0
Q21. Prove that: cos 6.cos 20.c0s 2%0 ... cos 2" 19 = S — , forallne N.
2" sin
sin 2"0
Sol. LetP(n) : cos 0.cos 26.cos 220 ... cos 2" 19 = 2 sin0’ Vne N.
sin

sin2'® sin20 2sin 6 cos O

Step 1: P(1) : 0= = = =cos 0
ep L) cos 0= o 6 2sin0 2sin6
= cos 0 = cos B which is true for P(1)
in 2°0
Step 2: P(k) : cos 0.cos 26.cos 220 ... cos 2819 = ;n T
Let it be true for P(k). s
Step 3: P(k + 1) : cos 6.cos 26.cos 2%9...cos 28710 . cos 2k *D-1g
ok - ok
= Sin 2 0 .cos 2k*D-1g =Slknj.cos 20
2" sin 6 2" sin®
2 sin 2°0.cos 20
- 22Fsing
sin 2.250 [+ 2sin® 0 = sin 2]
= — "+ 2sin 0 cos B =sin
2K sin @
: 2k+1e
= Sin? which is true for P(k + 1).
2"7 " sin O

Hence, P(k + 1) is true whenever P(k) is true.
Q22. Prove that sin 6 + sin 26 + sin 30 + ... + sin n6

n+1

. no .
sin —.sin (0]
= 2 , forallne N.

sin —
2
Sol. Let P(n) : sin O + sin 26 + sin 30 + ... + sin 10
. no (n+1)
sin —.sin 0
2 2

= 9 ,ne N.
sin —
2
sin g.sin (1”)9 sin g.sin 0
Step 1: P(1) :sin § = —2 22 - — 2 =sing
sin — sin —
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sin 8 = sin 6 which is true for P(1).
Step 2: P(k) : sin 6 + sin 20 + sin 36 + ... + sin kO

. kO . k+1
sin 7.sm - 0
= 0 . Let it be true for P(k).
sin )

Step 3: P(k+1):sin 6 + sin 20 +sin 30 + ... + sin (k + 1)0
. kO . (k+1j
sm?.sm > 0
= 0 + sin (k +1)0
sin —
2

k+1
sin @.Sil’l (+)9 + sin (k + 1)0.sin o
2 2 2

sin —
2
1
Zsinke.sin(k+)9+25in(k+1)9.sine
B 2 2 2
25in9
2
os(k—e—ﬂﬁj (@+m9)+cos[(k+1)e—9}
2 2 2 2 2
—cos|:(k +1)0 + g}
2sin9
2
cos(—g)—cos(k6+g)+cos(k6+9)—cos(ke+@j
_ 2 2 2 2
25in9
2
cos(gj—cos(keJr@)
_ 2 2
ZSing
2
7+k9+3e Q—ke—@
—2sin 2 2 .sin 2 2
_ 2 2
ZSing
2

10
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(A+B) . (A—B)}
Sin 2

{ cosA —cosB =-2sin

. (ke+2e) _ (—ke—ej
—2sin .sin
2 2

ZSing
2

) (k6+29j ) (k9+e)
Sin .SIn
2 2

.0
sin —
2

D+1 1
1n{(k+2)+ }G.Sin[k; }6
= 9 which is true for P(k + 1).
Sll’lE

Hence, P(k + 1) is true whenever P(k) is true.
2B

7
Q23. Show that: 5 —+ ) + 1: is a natural number for all n € N.

5 3

Sol. LetP(n): "=+ + 7% vpeN.
5 3 15
1° 18 71 3+5+7 15
P): — 4yt = =" =1eN
Step 1: P(1) + 3 + T 15 15 €
Which is true for P(1).
S KK 7k .
tep 2: P(k) : ?+—+—5. Let it be true for P(k) and let
K K7k
—t—t— =
5 3 15 s s
k+1 k+1 7(k+1
Step 3: P(k+1)=( 1) +( 1) + (k+1)
5 3 15
- %[k5+ 5k* +10k> + 10k* + 5k +1]+%[k3+ 3k% + 3k +1]
+1k+1
15 15
5 13
= (%+k3 Z§j+(k4+2k3+3k2+2k)+ +:1))+175
=AM+ 20+ 3K+ 2k + 1 [from Step 2]
= positive integers = natural number
Which is true for P(k + 1).

Hence, P(k + 1) is true whenever P(k) is true.

11
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Q24.

Sol.

Q25.
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1 1 13
+ w.t—>— for all natural
n+l n+2 2n 24

numbers, n > 1.
1 + 1 ...+i>E,VneN
n+l n+2 2n 24
—1 +—1 >E=>l+l>2
2+1 2+2 24 3 4 24
7 13 14 13
= — > — = — > —
12 24 24 24
1 1 1 13 .
Step 2: P(k): ——+——+...+ — > — . Let it be true for P(k).
k+1 k+2 2k 24
1 1 1 1 13
Step3:Pk+1): —+——+..+—+— > —
k+1 k+2 2k 2(k+1) 24
1 1 13
— ettt — > —
k+1 k+2 2k 24

1 1 1 13
So + ot —+ > —
k+1 k+2 2k 2(k+1) " 24

Which is true for P(k + 1).

Hence, P(k + 1) is true whenever P(k) is true.

Prove that number of subsets of a set containing n distinct
elements is 2" for all n € N.

Let P(n) : Number of subsets of a set containing n distinct
elementsis2” Vne N

Step 1: It is clear that P(1) is true for n = 1. Number of subsets
=2!'=2. Which is true.

Step 2: P(k) is assumed to be true for n = k. Since the number
of subsets = 2F,

Step 3: P(k + 1) =2k*1

We know that if one number (i.e., element) is added to the
elements of a given set, the number of subsets become double.
. Number of subsets of set having (k + 1) distinct elements =
2 x 28 = 2K*1 which is true for P(k + 1). Hence P(k + 1) is true
whenever P(k) is true.

Prove that:

Let P(n):
Step 1: P(2) :

which is true for P(2).

Since

OBJECTIVETYPE QUESTIONS

Choose the correct answer out of the given four options in each of
the Exercises from 26 to 28 (M.C.Q.)

Q26.

If 10" + 3.4" "% + k is divisible by 9 for all n € N, then the least
positive integral value of k is
(@) 5 (b) 3 7 @ 1

12



Chapter 4 - Principle of
Mathematical Induction NCERT Exemplar - Class 11
Sol. Let P(n) = 10" +3.4"*? + kis divisibleby 9, V n e N
P(1) =10'+34'"2+k=10+3.64 + k
=10 + 192 + k=202 + k must be divisible by 9.
If (202 + k) is divisible by 9 then k must be equal to 5
202 +5 = 207 which is divisible by 9
_ 207 23
So, the least positive integral value of k = 5.
Hence, the correct option is (a).
Q27. Forallne N, 3.5%+14+23+1
(a) 19 (b) 17 (c) 23 (d) 25
Sol. LetP(n): 3.5%*1+2%+1
For P(1):3.5>1*1+231+1 = 353+ 24 =3(125) + 16 =375+ 16
=391=23x17
So it is divisible by 17 and 23 both.
Hence, the correct option is (b) and (c).
Q28. If x" — 1 is divisible by x — k, then the least positive integral
value of k is
(@) 1 (o) 2 (¢) 3 (d) 4
Sol. Let P(n)=x" -1 1is divisible by x — k.
P(1) = x —1is divisible by x — k.
Since k =1 is the possible least integral value of k.
Hence, the correct option is (a).

Fill in the Blanks in the Exercises 29.

Q29. If P(n):2n<n!, n e N, then P(n) is true for n > ..............
Sol. Given thatP(n):2n<n!, Vne N

Forn=1 2<1 (Not true)
Forn=2 2x2<2! = 4<2 (Not true)
Forn=3 2x3<3l = 6<321 = 6<6 (Not true)
Forn=4 2x4 <4l = 8<4321 = 8<24 (True)

Forn=>5 2x5<5! = 10<543.21 = 10<120 (True)
So, P(n) is the true for n > 4.
Hence, the value of the filler is 4.

State True or False for the Statements in the Exercises 30.

Q30. Let P(n) be a statement and let P(k) = P(k + 1), for some
natural number k, then P(n) is true for all n € N.
Sol. Given that: P(k)=P(k+1)
P(1)=P(2) which is not true.
Hence, the statement is ‘False’.
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