Chapter 5 - Continuity and Differentiability NCERT Exemplar - Class 12

5.3 EXERCISE

SHORT ANSWER TYPE QUESTIONS
Q1. Examine the continuity of the function
flxy=x+2x*~1 at x=1
Sol. We know that y = f{x) will be continuous at x = a if
lim f(x) = lim f(x)= lim_f(x)
xX—a xX—a xX—a
Given: fl)=x®+2x* -1

lim f(x)=lm(1+h)® +21+h)? -1 =1+2-1=2
x—>1 h—0

mﬂfuﬁaf+2af—1

x—

=1+2-1=2
lim f(x)=Lm(1+h)> +2(1+h)* -1
x—1" —

=1+2-1=2

lim f(x)=lim f(x)= lim f(x)=2.
x—>1 x—>1 x—1"
Hence, f(x) is continuous at x = 1.

Find which of the functions in Exercises 2 to 10 is continuous or
discontinuous at the indicated points:

3x+5,if x=>2

Q2.f(x)={ 2 ifr<n atx=2

Sol. lim f(x)=3x+5
x—2" .
= lim3Q2+h)+5=11
h—0

lim f(x) =3x+5=3(2) +5=11
x—2

. . 2
lim flx) = 2= lim (2 1)

= lim (2 +h* —4h=(2)*> =4

Since lim f(x) = lim f(x)# lim f(x)
x—2 x—2 x—2

Hence f (x) is discontinuous at x = 2.

1-cos2x .
———,ifx#0
Q3. fix)= x atx=0.

5, ifx=0
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Sol. lim f(x) 1—cc;s 2x
x—0 X
1-cos2(0—-h) . 1—cos(—2h)
=lim———— =lim———
h—0 (()—h) h—0 h
. 1-cos2h
= lim ———
h—=0 h
.2
= limzsm h ['.'1—cose=251n2 9}
h—0 h2 2
2sinh sinh i
- lim 22 o11=2 [1im 22 Y g
>0 h h x=0 X
y ~ 1-cos2x
xLII(}*f(X) B xz
1-cos2(0+h) . 1-cos2h
=lim———~ = .
T T S
i 2sin?h  2sinh sinh 1129
i o T
lim f(x) =5
x—0
. -k T
As lim f(x) = lim. f(x)# lim f(x)
- f(x) is discontinuous at x = 0.
2x% —3x -2
X TONTL i #2
Q4. flx)= x—-2 atx=2
5, ifx=2
Sol 2x2 —3x-2
olL. f(x)_ x_2
2x% —dx+x-2 2x(x—2)+1(x -2)
B x—=2 B x—=2
2x+1D)(x -2
_@inE-y)
x—2

Iirrzli flx) =2x+1
x—
= im2(2-h)+1=4+1=5
h—0
lim f(x) =2x+1
x—2"

= lim22+h)+1=4+1=5
h—0

lim f(x) =5
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As lim f(x) = lim f(x)=lim f(x)=5

Hence, f(x) is continuous at x = 2.

|x—4]
i I
Q5. flx)=12(x-4) atx=4
0, ifx=4
Sol 1i _ x4
ol lim f™=3a "%

-[4-h-4] im o1

ISNVa[4mno4] ivo-2h 2
|x—4| [4+h-4] 1
hm f(x) = = lim ==
2Ax—4) h>02[4+h-4] 2
lim f(x) =0
lim f(x) # lim_f(x)# lim f(x)

Hence, f(x) is discontinuous at x = 4.

|x| cosl,if x#0

Q6. f(x)= X atx=0
0, ifx=0
1
Sol. lim f(x) = |x| cos =
x—0" X 1
. 1
= lim|[0-h — = | -
0 = Heos iy = fimeos
=0 [ cos l oscillate between —1and 1
x

1
li = |x| cos —
Jm, fo) = eos

= lim |0 + h| cos
h=0 (O+h) n-o

lim f(x) =0
lin&i fx) = Iirr(}+ flx)= lin}) f(x)=0

Hence, f(x) is continuous at x = 0.

,ifx#0

|x—a|sin
X—a atx=a.

Q7. flx) =

0, ifx=a

1
=limh.cos— =
1 B 0

|
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Sol. lim f(x)= |x—a| sin 1
x—a X—a
. . 1 . o1
= hm|a—h—a|.sm— =lim h.sin —
h—0 a—h—-—a h-o0 —-h
= Iim—h.sinl [ sin (- 0) =—sin 0]
=0 h
= 0 x [a number oscillating between — 1 and 1]
=0
lim f(x) =’x—a| sin
x—a" X—a
. . 1 . 1
= 11m|a+h—a|.sm— = lim h.sin —
h—0 a+h—-—a h-o0 h

= 0 x [a number oscillating between — 1 and 1]
lim f(x) =0
X—a

As lim f(x) = lim_f(x)=lim f(x)=0

Hence, f(x) is continuous at x = 4.

1/x
—U,ifXJﬁO
Q8. flx)=11+¢"" atx=0
0, ifx=0
I el/x
x) =
Sol. - lim S0 = 1w
1
0-h ~1/h
= lim ¢ = lim
h—0 ﬁ hs01 4 ¢ Uh
1+e"~
= lim i 1 im 1
haoel/h(l e—l/h) ho0elm 1 M0 _q
1 1
= =— =-1 =0
e -1 0-1 [ |
li el
Jim £6) = T
1
0+h 1/h
- li — 1
hl—r{}) L hgr})l_;r_el/h
1+€0+h
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1
= i - i
W0 e (14 MMy W0 |
IR I L
TeTa1 041 e =0l

lirr})f(x) =0
As lin& f(x) # Iin& f(x)# lig}) f(x)

Hence, f(x) is discontinuous at x = 0.

2
X ifo<x<1

Q9. flx) = 2 atx=1.

2x2—3x+§,if1<xs2

2 2
. ox o (1-h)" 1
Sol.  lim f(x) = 7 = lim=——=7
2 2
. 21?1
1 == _Z
xl—IEf(x) 2 2 2

lim f(x) = 2x2—3x+%=2(1)2—3(1)+%=2—3+%=

1
x—1" 2
As lim f(x) = lim f(x)=1lim f(x)zl
x>1 x—=1" x—1 2
Hence, f(x) is continuous at x =1.
Q10. fix)= |x|+|x—1] at x=1.
Sol.  lim f(x) = |x[+|x—1] = lim [1— h|+[1-h-1|
x—1 h—0
=[1-0[+[1-0-1] =1+0=1
lim f(x) = |x]+|x -1

x—>1"
= im|l+h|+[1+h-1=1+0=1
h—0
lim f(x) = |x[+[x=1] = 1] +[1-1 =1+0=1
x—1

As lim f(x) = lim f(x)=lim f(x)
x—>1 x—-1" x—1
Hence, f(x) is continuous at x = 1.

Find the value of k in each of the Exercises 11 to 14 so that the
function fis continuous at the indicated point:

3x—-8,if x<5

Q11. f(x)={ 2%k ifx>5 atx=>5
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Sol. lim5 f(x) =3x-8
X —>
= lim35-h)-8=15-8=7
h—0
lim f(x) =2k
x—5"
As the function is continuous at x =5

i f00 = Jim S

7 =2k k—Z
Hence, the value of k is %
x+2
2 718 s
Q12. flx)=< 4 -16 atx=2
k, ifx=2
Sol 2¥¥2 16 2°2Y-16 42" -4)
ol. f('x)_ 43(_16 - (2X)2 _(4)2 (2){_4)(29( +4)
f(x): 2X+4
ST SR S S
Jm f&) = N 1 24 444 8 2
lim f(x) =k
x—2
As the function is continuous at x = 2.
T - 1
- lim f(x) = Tim f(x)
1
=5 1
Hence, value of k is 5
J1+kx — 1 —kx
,if—1<x<0
x
Q13. f(x)= atx=0
2x +1
iy ifo<x<1
x—1

J1+kx — 1 —kx
X

lim \/1+kx—\/1—kx ><\/1+kx +\/1—kx

IEET x J1+kx +J1—kx

Sol. lim f(x)
x—0"
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. 1+ kx) —(1-kx)
= lim

x— 'x[1/1+kx +1/1—kx]
I 1+kx—1+kx
= lim

x—>o*x[1/1+kx +1/1—ka
I 2kx
= lim
x—0" x[1/1+kx +Jl—kx]
2k
= lim
x=0" \/1+kx +\/1—kx
. 2k
lim
=0 1+ k(0 —h) +/1-k(0 - h)
_ % 2%k,
NN )
21 _200+1_ 1 _
x-1 0-1 -1
As the function is continuous at x = 0.
s lim f(x) = lim f(x)
x—0 x—0
k=-1
Hence, the value of k is — 1.

(=)

lim f(x)=

1-cosk
SO v x0
X SIin x
Q14. f(x)= atx=0
—, ifx=0
2
1-cosk
Sol. lim f(x) = — >
x—0" X SIin x

1-cosk(0—h) _ . 1-cos(-kh)

00— hysin (0—J) "0 —h.sin (= h)
1 - cos kh { sin (- 0) = — sin 9}

im
h—0 hsinh cos (—0) =cos 6

2 sin? @

h—0 hsinh

26 k . kh
eSS gy MY 1
= lim X — X — ——
>0 kh 2 kh 2 sinh
ki 50— — h.

2 2 h

h
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Q15.

Sol.

Q1e6.

sin h
lim =land
_ g Mg K 121 =0
2 2 h . sinkh
) Iim ——=1
_ k_ kh—0 kh
2
lim f(x) = 1
x—=0 B 2
. _ 1
As lim f(x) lim f(x)
o1
D2
= =1 = k=21

Hence, the value of kis + 1.
Prove that the function f defined by

_ X xz0
fix) =1l +2x%

k, x=0

remains discontinuous at x = 0, regardless the choice of k.

1 f(x) = —h
im_f(x
||+2x IHO|O h|+2(0 h)?

lim —— = lim ———
B0+ 212 h0 h(1+ 2h)
-1 -1

- lim——— ==
i—01+2h  1+2(0)
0+h
lim f(x) = —* = lim S
-0 x| +2x2  #=0|0+ 7|+ 2(0 +h)

1

= lim 5 = lim =—
>0 h+2h h—0 h(1+2h) 1+
lim f(x) = lim f(x)
x>0 x—0
Hence, f(x) is discontinuous at x = 0 regardless the choice of k.
Find the values of a and b such that the function f defined by

ﬁ+a,ifx<4

x—

flx) =qa+bifx=4
|x_4|+b if x>4
x—4

is a continuous function at x = 4.
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Sol. i xo2
. = ——+a
ol M S =y

. 4-h-4 L=
=lim—+a=lim—+a=-1+a
h—>0|4—h—4| >0 h

lim f(x) =a+b
x—4

x—4
li - +b
xg}f@) P
4+h-4

im—+ limﬁ+b=1+b
h—>0|4+h—4| >0 h

As the function is continuous at x = 4.
lim f(x) = lim f(x) = lim f(x)
- x—4 x—4"
—1l+a=a+b=1+b
—l+a=a+b = b=-1
1+b=a+b = a=1
Hence, the valueofa=1and b=-1.

1
Q17. Given the function f(x) = Y12 Find the point of discontinuity

+2
of the composite function y = f[ f(x)].
1
Sol. f(x)=x_’_2
111 x#2
AN = T2 = 1 L, I+2r+4 2y45
x+2 2 X2
fIf = =

This function will not be defined and continuous where

2%+5=0 = x=—.

Hence, x = 7 is the point of discontinuity.

Q18. Find all the points of discontinuity of the function

1
t)= ———, where t=
) Prt-2 where
_ 1
2 4t-2
= 1 uttin t‘=L

G- T@-n 2

x—1

Sol. We have f{(t) =
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Q19.

Sol.

Q20.

Sol.

_ 1 BN ot i
Cl+x-1-2x-17  x-2x*-2+4x
(x =1
G S N C et Vs
S —2x +5x-2  —(2x% —5x+2)
_ (x -1 _ (x-1?
—[2x* —4x—x+2] —[2x(x —2)-1(x -2)]
e R s
—(x-2)2x-1) (2-x)(2x-1)
So, if f(t) is discontinuous, then2 -x=0 .. x=2
1
and2x-1=0 .. x=—

2
1
Hence, the required points of discontinuity are 2 and 5

Show that the function f(x) = |sin X + cos x| is continuous
atx=m.
Given that f(x) = |sin X + cos x| atx=m
Put g(x) =sinx+cosx and h(x)=|x|

h[g(x)] = h(sin x + cos x) = |sin X + cos x|
Now, g(x) = sin x + cos x is a continuous function since sin x
and cos x are two continuous functions at x = T.
We know that every modulus function is a continuous
function everywhere.
Hence, f(x) = |sin X + cos x| is continuous function at x = 1.
Examine the differentiability of f, where fis defined by

x[x], if0<x<2

= {(x—l)x,if23x<3 atx=2.

We know that a function fis differentiable at a point ‘2’ in its
domain if
Lf'(c) = Rf(c)
—h) -
fa-h-f@ .

where Lf’(c) = %in})
5

h
R0~ tim L0110
x[x],if0<x<2
Here, ) =1 1y if2<x<a 2¥°2
atx=2

10
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i L&M= @-W[2-h]-(2-1)2
h—0 — h—0 -h
i 2h1-2 [[2-h=1]

li
h—0 —h

Lf'(e)=

Il
5.
Il

h—»0 —h
Rf’(C)= lim f(2 + h) — f(2)
h—0 h
C Q+h-1)Q2+h)-(2-1).2
= lim
h—0 h

o A+ Q+h) -2 . 2+h+2h+h* -2
= lim = lim
h—0 h h—0 h
. B3h+h* . h(3+h)
lim = lim =
=0  h =0  h
Lf'(2) = Rf(2)
Hence, f(x) is not differentiable at x = 2.
Q21. Examine the differentiability of f, where fis defined by

3

» .1,
fx) = x smx,lfx;tO atx =0,
0, ifx=0
Sol. Given that:
x? sinl,ifx;tO
flx) = X atx=0
0, ifx=0

For differentiability we know that:
Lf"(e) = Rf*(c)

L) = im 20RO

- Lf’(0) %15}1}) )

|
=
2]
.
=]
/N
=|
N—
Il
(e
X
I
—_
IN
0
=
=]

I
N———
AN
—_
| IS

y (0 + h)? sin (M] -0
lim M = lim

N h h=0 h

Rf7(0) =

11
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n? sin(;l) 1
= lim———< = lim h.sin (—)
h—0 h h—0 h

Ox[—lSsin(%)Sl} =0

So, Lf’(0) =Rf’(0) =0
Hence, f(x) is differentiable at x = 0.
Q22. Examine the differentiability of f, where fis defined by
1+x,ifx<2

flx) = { atx=2.

5—x,if x>2
Sol. f(x) is differentiable at x =2 if
e Rf,(ZJ)‘( h) - f(2)
. 2-h)—- f(2
G

A —h-3 —h
i (22D - (1+2) 3-h-3

= lim =—2=1
h—0 —h >0 —h -
, . fQ2+h)-f(2)
&0 i JEDID
_[5-@+m]-+2)  3-h-3
= lim = lim ———
h—0 h h—0 h
:__h:_l
h

So, Lf’(2) #Rf’(2)
Hence, f(x) is not differentiable at x = 2.
Q23. Show that f(x) = |x - 5| is continuous but not differentiable at

x=>5.
Sol. We have f(x) = |x—5|
—(x=-b5)ifx—-5<0orx<5
- f(x)={ x-5ifx—5>00rx>5

For continuity at x =5
LHL. lim f(x) =-(x-5)

"5 lim - (5-h—5) = lim h =0
h—0 h—0

RHL. lim f(x) =x-5
x—5

Iim (5+h-5)=1lim h=0
h—0 h—0

L.HL.=RH.L.

12
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Q24.

Sol.

So, f(x) is continuous at x = 5.
Now, for differentiability

L) = tim JE=1 = f6)

h—0 —-h
S Gl k) el Clunk) S U B
h—0 —-h h—»0—h
ey e JOFR) = f(5)
Rf'G) = lim I
. (5+h=-5)-(5-5) . h-0
= lim =lim —=1
h—=0 h h—0 h
Lf’(5) = Rf’(5)

Hence, f(x) is not differentiable at x = 5.

A function f: R — R satisfies the equation f(x + y) = f(x).f(y)
V x,y € R, flx) #0. Suppose that the function is differentiable
atx=0and f’(0) = 2. Prove that f’(x) = 2f(x).

Given that: f : R — R satisfies the equation f(x + y) = f(x).f(y)
Vx,ye R flx)#0.

Let us take any point x = 0 at which the function f(x) is
differentiable.

L L0+ = £(0)

f’(O) - h—0 h
_ f(0).f(h) - f(0) ,
2= Jim SOLOZIO o pan -0
. > i JOLF 1]
h—0 h
Now = fim S =)
_ hhino f(x)f(};z) - f(x) [ fx+y)= f(x)f(]/)]
= ]113}) w =2f(x) from eqn. (i)

Hence, f'(x) = 2f(x).

Differentiate each of the following w.r.t. x (Exercises 25 to 43):

Q25.
Sol.

2 COS2 X
Let y= 2“’52"
Taking log on both sides, we get
log y = log 20 x log y = cos’x . log 2

13
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Differentiating both sides w.r.t. x

= ld_y = log Z.icoszx
y dx dx
1d
= ;ﬁ =log 2 [2 cos x.dicos x}
X
1d
= ;% =log 2 [2 cos x (— sin x)]
= lj—y = log 2 (- sin 2x)
y dx
dy .
ol -y .log 2 sin 2x
dy 2 .
Hence, I 2% ¥ (log 2 sin 2x)
8X
Q26. —¢
X gr
Sol. Let y="7

X
Taking log on both sides, we get, logy = log 8—8
x
= logy = log 8 —log x* = logy=xlog8-8logx
Differentiating both sides w.r.t. x

8
l‘d_y=10g8.1_§ = d_y=y{log8——}
y dx x dx x

8" 8

Hence, W —g{logs——}
dx  x x

Q27. log (x +4/x% + a)
Sol. Let y = log (x +x? + a)
Differentiating both sides w.r.t. x
Z—Z %log (x + o+ 11)

= ;.i(me/xz +a)
X +4fx% +a dx
1 d, o,
= J1+ x—(x +a)]
x+\/x2+a { 2\/x2+a dx

14
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Q28.
Sol.

Q29.
Sol.

= 1 _1+ 1 2x1
x+\/x2+a._ 2\/x2+a.

x+qx2+a | x?+a

1 1/x2+a+x] 1
X

x+\/x2+a \/x2+a

+a
Hence, — = ! .
dx X +a
log [log (log x°)]
Let Y = log [log (log x°)]
Differentiating both sides w.r.t. x
Z—Z = %log [log (log x°)]
1 d 5
= ———x—Ilog(log x
log (log x°)  dx 08 (log °)
= ! X ! xilo x°
- log (log x°)  log(x”) dx &
1 114
log (log x°) ' log(x°) x° dx
1 1 1
= NG 5.5 ¢ 5x4
log (log x°) log(x”) x
B 5
x log (x°).log (log x°)
Hence, L - >
N T x log (x°).log (log x°)
sin \/x + cos® \/x
Let y = sin/x + cos® V/x

Differentiating both sides w.r.t. x

d_y %(Sin\/;) +%(cos2 «/E)

dx
d d
COSx/;.E(x/;)+2cos\/;.E(cos\/;)

NCERT Exemplar - Class 12

15
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Q30.
Sol.

Q31
Sol.

Q32.
Sol.

Cosﬁ.ﬁ + 2 cos \/;(— sin\/z).%\/;

1 1
—— .cos/x — 2 cos /x.sinx.——
2/x 2\x

cos/x sin2v/x
NN

dy  cos+/x sin2Vx

Hence,E=2\E—2\/§-

sin” (ax? + bx + c)

Let y = sin" (ax? + bx + ¢)
Differentiating both sides w.r.t. x
dy

dy_ 4 sin” (ax? + bx + ¢)
dx  dx

: d .
= n.sin" ~Y(ax?® + bx + c).d— sin(ax? + bx + ¢)
x

NCERT Exemplar - Class 12

d
= n.sin” ~1(ax? + bx + c).cos(ax? + bx + c). T (ax? + bx + c)

= n.sin” ~1(ax? + bx + c).cos(ax? + bx + c).(2ax + b)

dy

Hence, T n(2ax +b).sin” ~1(ax? + bx + c).cos(ax? + bx + c)
x

cos (tan~/x+1)
Let Yy = cos (tan\/x+1)

Differentiating both sides w.r.t. x

Z—Z = %cos (tan\/x+l)

—sin (tan\/—l) (tan\/ﬁ)
— sin (tanx/—l) sec \/xT \/xT

Il
m‘l“‘

1
—sin (tanvx+1 .sec? Vrx+l.——.1
( ) 2Jx+1

Hence, 4y _ —;sin(tan\/x+1).sec2\/x+1

dx 2Vx+1

2 x + sin?(x?)

sin x% + sin

Let y = sin x? + sin® x + sin?(x?)
Differentiating both sides w.r.t. x,

16
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d d d d
Y _ —sin(xz) +—sin® x + —sinz(xz)
dx dx dx dx
d d da . -
2 2 . . . 2
= cos x~.—(x7) + 2 sin x.—(sin x) + 2 sin (x*) ——sin(x")
) ——(sinx) + 2in (x*) -
d
= cos x2.2x + 2 sin x.cos x + 2 sin x2.cos x2. E(xz)
= 2x.cos x% + sin 2x + 2 sin x%.cos x%.2x
Hence, = 2x.cos x% + sin 2x + 2x sin 2x?

dx
Q33. sinl( ! ]
x+1

1
Sol. Let - sin”!
° © Y [1/x+1]

Differentiating both sides w.r.t. x

dy d

£l iyt

1 d -1/2
= T E(x+1)
1_
x+1
-1
= ;.—(xﬂ)—”.i(xﬂ)
x+1-1 2 dx
x+1
Jx+1 =1
= —(x+1)7%21
5 o+
1 Jx+1 1 1

2 @+ T 2dx(x+1)
y o1
dx 2x(x+1)
Q34. (sin x)“°~
Sol. Let y = (sin x)°**
Taking log on both sides,
log y = log (sin x)****
= log y = cos x.log (sin x) [ log x¥ =y log x]

Hence,

17
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Differentiating both sides w.r.t. x,

d d .
l.—y = — cos x.log (sin x)
y dx  dx
1 dy d . . d
=  —.—— = cos x.—log (sin x) + log (sin x).—cos x
i ~~log (sin 2) + log (sin x)
d d . . .
= l—y = cos x.——.——(sin x) + log (sin x).(— sin x)
y dx sin x dx
1d . .
= —.—y = cot x . cos x — sin x . log (sin x)
y dx
dy . .
ol y [cot x.cos x — sin x.log (sin x)]
d . cos’x .
Hence 4 (sin x)**** | —— —sin x.log (sin x)
"odx sin x
Q35. sin” x . cos" x
Sol. Let y =sin" x . cos" x
Differentiating both sides w.r.t. x
d a, .
4~ 2 (sin™ x.cos” x)
dx  dx
s m d n n d s m
= sin” x.—(cos” x) + cos” x.—sin™ x
dx dx
= sin" x.n.cos" ! x—(cos x) + cos” x.m.sin™ "' x
X
d, .
—(sin x
- (5in )
= n.sin™ x.cos" ~ ! x.(- sin x) + m.cos" x.sin™ 7! x.cos x
= —n.sin™*1x.cos" "1 x +m cos" 1 x. sin™ ~lx
m " { sin x cos x}
= sin” x.cos" x| —n + m.—
cos x sin x
d .
Hence, Y _ sin™ x.cos” x[— 7 tan x + m.cot x]

Q36. (x+1)%(x +2)°(x +3)*
Sol. Let y = (x+ 1)%(x + 2)°(x + 3)*
Taking log on both sides,
logy = log [(x+1)*.(x+2)>.(x + 3)*]
= log y = log (x + 1)* + log (x +2)> + log (x + 3)*
[ log xy =log x +log y]
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= logy =2log (x+1) + 3 log (x +2) + 4 log (x + 3)
[ log x¥ =y log x]
Differentiating both sides w.r.t. x,

ld_y = 2.ilog(x+1)+3.ilog(x+2)+4.ilog(x+3)
y dx dx dx dx
A S S I
y dx x+1 x+2 x+3
A + +
= dx y{x+l x+2 x+43
dy 2 3 4l 2 3 4
2= (x+1 +2 +3 + +
= dx (r 1) (x +2)"(x )Lc+1 x+2 x+3
= (+ 1) +2°(x + 3)*
2(x+2)(x+3)+3(x+)(x+3) +4(x + 1) (x +2)
(x + ) (x+2)(x+3)
= (x+1)(x +2)%(x +3)°(2x?*+ 10x + 12+ 3x* + 12x + 9
+4x% +12x + 8)

= (x + 1)(x + 2)%(x + 3)%(9x% + 34x + 29)
Hence, Z—y = (x + 1)(x + 2)%(x + 3)3(9x? + 34x + 29)
X

sinx+cosxj e
- = 7

. -1 L
Q37. cos ( N 1 1

Sol. Lety= co [sm X+ cos x)
| }
= s1nx+—cosx
V2
1[ fcon=cos” | os (-
= s1r1—smx+cos—cosx cos | cos|——x
4 4
T e i
y =—- ['.’——<x<—}
4 4 4
Differentiating both sides w.r.t. x
dy _
dx
1-cosx b B
38. tan'| [———— |, ——<x<-—
Q l: 1+COSX1 4 4
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1-cosx
1+ cosx
| [2sin?x/2 "+1—cos x =2 sin* x/2
tan™ -
2 cos® x/2 1+ cos x =2 cos? x/2

[ sin x/2 . x
= tan [tan E}

| cos x/2

|
—_

Sol. Let y = tan

_

tan

Juy

x
V=3
Differentiating both sides w.r.t. x
dy 1d N 1. 1
dx 2 dx 2 2
4y

1
Hence, ==
ence dx >

n i
Q39. tan™!(sec x + tan x), b <x< >

Sol. Let y = tan” !(sec x + tan x)

Differentiating both sides w.r.t. x

d d -
Y —[tan 1(sec X + tan x)]
dx  dx
1 d
= 5-——(sec x + tan x)
1+ (sec x + tan x)° dx
1
= 5 5 .(sec x tan x
1+sec” x +tan” x + 2 sec x tan x
+sec? x)
= 1+t 3 > : . sec x(tan x
(1+tan” x) +sec” x + 2 sec x tan x +sec x)
1
=— 5 . sec x(tan x + sec x)
sec” x+sec” x+2secxtanx
1
= > .sec x (tan x + sec x)
2sec” x +2secxtan x
1 1
= .sec x (tan x + sec x) = —
2 sec x (sec x + tan x) 2
dy 1
Hence, — = —
dx 2
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Alternate solution

- T
Lety= tan™! (sec x + tan x), 7<x<5

a1 sin x _1[1+sinx
tan + =tan | ——
COSX COSX cos x

~ tan? cos? x/2 + sin® x/2 + 2 sin x/2 cos x/2
cos? x/2 — sin® x/2

o sin 2x =2 sin x cos x
2y

cos 2x = cos? x —sin

_ 1 (Cos x/2 + sin x/2)2
tan (cos x/2 + sin x/2)(cos x/2 — sin x/2)

~ tan-! [ cos x/2 + sin x/2}

| cos x/2 — sin x/2
= tan”! M} [Dividing the Nr. and

1—tan x/2

- Den. by cos x/2]
- tan-! [ tan m/4 + tan x/2 } _ tanl[tan (E+fﬂ

| 1 - tan 7/4.tan x/2 4 2

y = T,

4 2
Differentiating both sides w.r.t. x

d 1 1 1
_]/ :_i(x)=_‘1=_
dx 2 dx 2 2
d 1
Hence, L. —.
dx 2
Q40. tan™! M ,_—n<x<£ andztanx>—1,
bcosx+asinx ) 2 2 b

Sol. Let y = tan”

1[acosx—bsinx
b cos x +asin x

acosx bsinx

bcosx bcosx

Jany

= y = tan”

bcosx+asinx

bcosx bcosx
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a_ tan x
= y= tan~! b
a
1+—-tanx
b
= y= tan™! % — tan” ! (tan x)
{ tan”! [ i J =tan ' x —tan"! y}
1+xy
_14a
= y= tan E - X
Differentiating both sides with respect to x
d
A i(tan‘lﬂ)—i(x) —0-1=-1
dx dx b) dx
d
Hence, &
dx
_ 1 1
41. sec | ———— , 0 i
Q [43{3 - 3x] <xs J2
1
Sol. Let = sec | ———
4 4x° - 3x]
Put x=cos 6 0=cos lx
= sec”! !
Y 4cos’0—3cos O
= y= sec! ! [ cos 30 =4 cos’0 — 3 cos 0]
cos 360
= y =sec ! (sec30) = y=30

y=3cos 'x
Differentiating both sides w.r.t. x

d -1 -3
9 = 3.icos_1x =3 = >
Zx dx3 \/l—xz \/1—x
Hence, L — .
dx 1— 2
3a’x — x° -1 x
42, tan | S| <t <—.
Q [a3—3ax2j J3 a3
Sol. Let fan-1| 22X 2
. =tan | ———
° © Y a® - 3ax?
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Q43. t

Sol.
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Putx=atan® .. 0= tan_1£
a
~ tan! 3a”.atan § - a° tan® 0
/ I a® - 3a.a” tan’ 0
N ; _1_3u3 tan 6 — a° tan” O
= tan
Y L a® - 3a° tan” 0
,1_3tan9—tan39
= y=tan | ————————
| 1-3tan" 0
3tan®—tan’ 0
= y= tan_l[tan 36] - tan 36:%
1-3tan” 0
= y =30 :y=3tan_1—

Differentiating both sides w.r.t. x

d_y= d(t nlﬁ)
dx “dx a
2
- 3. 12.i.(f)=3. LA S
x° dx \a a+x"a a +x
1+
a
3a
Hence, — =
a® +x2

Let = tan~ [

Putting x? = cos 20

y= tan~!
= y= tan~!
= y= tan

] -1<x<1,x#0.

\/1+x \/1 X

0= —cos_1 2

J1+¢c0s26 +,/1—cos 20
\/1 + cos 20 —\/1— cos 20

WwﬁJ

\/2 cos? 0 + \/2 sin” @ ]

\/2 cos? 9 — \/2 sin” 0

J2 cos 0 ++/2 sin ©
V2 cos 0 —+/2 sin ©
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~ tan-? cos 0 +sin O
= y= cos O —sin 6
—cose+sin9
_ tan-! cos O cos6
= y=tan cose_sine
_Cose cos 0
; _1_1+tan6
=tan | ——
= Y _1—tan6
tanE+tan9
= y= tan™! 4—n
1-tan—.tan 6
L 4
= y= tan”!| tan (§+6H
N :£+9 = =E+lcos_1x2
Y 4 Y 4 2
Differentiating both sides w.r.t. x
d]/ d(mn 1d -1 2
dx = a(z) Ed_ (COS X )
0_‘_1>< -1 d -1.2x X
= il L2y = —_
20 1yt dx 21— x* 1-x*
d
Hence, — = — ad .
X 1-x*

d
Find e of each of the functions expressed in parametric form in

dx
Exercises from 44 to 48:
1

Q44. x=t+%, y=t—?

Sol. Given that:
xX=t+ 1, y=t- 1
t t
Differentiating both the given parametric functions w.r.t. t
dx 1 1 dy 1+ 1

dt 27 dr £
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dy 1+l2
dy _dt __ t
d dx 1
dt #2
2 +1
Hence, 4 >
dx tc-1

NCERT Exemplar - Class 12

2 +1

2 -1

1 1
45. x = 9[e+—j, = 9(9——)
Q xX=e y=e

Sol. Given that:

0 1)
=e |0+—|,
" ( :

y_

Differentiating both the parametric functions w.r.t. 6.

d_x= 69(1_%)4_(94_1)_@9
d0 ) ()
2 3
de 62 0 62
(0 +6% +0-1)
- =
e 1)
= 0-—
y=e*(o-3
% _ ‘%Hé){@—%).(—e‘e)
dy o 1 1 o0 +1-0°+0
A 1+—-0+—|=> _
d0 ( 6 9] ‘ [ 6’
e 63+62+6+1)
93+92+e+1
dy  dy/do
dx  dx/do

e[e~"+ez+e 1]

—0°+0%+0+1
0°+0%+06-1

Cres)
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dy
Hence, 0 = 0> +60% +0-1
Qd4e. x=3cos6—2Cos39,y=3sir16—25in3 0.
Sol. Given that: x =3 cos 8 —2 cos® @ and y = 3 sin 6 — 2 sin> .
Differentiating both the parametric functions w.r.t. 8

eze[—e3+62+6+1j

d_x = —3sin9—6cosze.i(cose)

4o do
=-3sin0-6cos?0 . (-sin )
=_3sin0+6cos?0.sin0

dy _ .2 d .

7 3 cos 0 —6sin 6.%(sm9)

=3c0s0-6sin’0.cos O
dy dy/de _ 3cosb-6 sin’ 0 cos O
dx  dx/d® —3sin®+6cos’H.sin O
dy  cos®(3—6sin?h)  COS 0[3-6(1-cos’0)]

= = . 2 = . 2
dx  sin®(-3+6cos’0)  sinB[-3+6cos>6]
3-6+6cos’H - 2
= cotO —Coi =cot0O M
—3+6cos” 0 ~3+6cos” 0
=cot0
d
Hence, L cot 0.
dx
2t 2t
Q47. sinx= ——, tany=
1+t T
2t
Sol. Given that sin x = 5 and tany = 5
+t 1-t
2t
.. Taking sin x = >
1+t

Differentiating both sides w.r.t f, we get

1+ tz).%(Zt) —2t.%(1+ £%)

COosXx d—x =
dt 1+ %)
dx  2(1+t%)=2t.2t
p— cosx.—m = ———"
dt 1+t
e 24282 -4t 1
= — = X
dt (1+1%)? Cos x
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L &

dt
L &

dt
L

dt
T
T
T
T

Now taking, tan y =

2 - 2t? 1
22X
(1+¢t%) 1-sin’x
2(1 -t
( )>< 1

dx

242 D
1+t%) of
1- 2
1+t
2(1- ¢
Y x—
(1+17) (1+1%)* -4+
(1+t%)?
2(1- 1) 1+t

dx

X
A+ 1444 4262 —af?

ﬂl—ﬁ)x 1+ )

dx

@ 2 1+t -2

2(1—t2)>< 1

dx

A+ J1-1?)>
2(1- 1) 1 dx 2
X

= _— =
(1+t%)  (1-1%) dt 1+

1-¢#?

Differentiating both sides w.r.t, t, we get

%(tan y) =

dy
2
= secC y_dt

dy
2

= sec ydt
dy
2

= sec ydt
dy
dt

df 2
dt|1-#2

oy d o o, d o o
(=) @n-2t. (1-#)

(1=
(1—1#2).2 =2t .(-2¢)

(1-#)?

2 —2t2 + 442

(1-#)?
24242 1

X
(1- t? )2 sec? Y

NCERT Exemplar - Class 12
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dy 2(1+t2)>< 1

:> =
At (1-+*)* 1+tan’y
dy  2(1+t%) 1
= P IV 2
dt - (1-t7) 2t
1+
1— ¢
dy  2(1++#>
- dy _ 1+t )>< 1
dt (1-1*)? (1-t*)?+41
(1-%)?
d 2 232
- Ay _20+8) (-t
dt -2 142 4217 + 48
dy  2(1+#2 1—12)?
- dy _21+t7)  ( )
dt 122 1+t +28
y 20+t (1-#)? dy 2
= FT 22 % 22—
dt - (1-+)° (1++9) dt 1442
2
d_yzdy/dt_1+t2_1
dt  dx/dt 2
1+t
Henced—y=
dt
1+logt 3+2logt
Q48. X = tzg ly= tg .

) 1+logt 3+2logt
Sol. Given that: x = z y= ; .

Differentiating both the parametric functions w.r.t. t

2 i _ ﬁ 2
dx t .dt(1+logt) (1+logt).dt(t )

dt #
2 (1 1 2t
o)~ Atlog .2t (4 10g 1.2t
= i = a
t[1—2—210gt] —(1+2logt)
= I ==
3+2logt
y=""
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Q49.
Sol.

Q50.

Sol.

d d
L (3+2logt)-(3+2log t).
.o 3+ 2log ) ~(3+2logh). ()

dy _
dt t*
t(2/t)-(3+21logt).1
= 2
2-3-2logt —(1+2logt)
= 12 = 2
—-(1+2logt)
dy  dyfdt _ 2 _i_t
de  dx/dt —(L+2logt) ~ 42~
dy £
Hence, — =1+t
- dy -—ylogx
_ ,cos 2t _ ,sin 2t -~ = 9
Ifx=e and y =" ~, prove that ix xlogy

cos 2t sin 2f

Given that: x=e¢ andy=e
= cos 2t =log x and sin 2t =log y.

Differentiating both the parametric functions w.r.t. t

d
% = X - (cos2) = % (= sin 2t).%(2t)
=—¢%2 gin2t.2=-2e2 sin 2t
Now y= esinZt
; d )
% = S .E(sin 2t) = SN2 cos 2t.it(2t)
= ¢S cos2t.2=2¢"2 cos 2t
dy _ dyldt _ 2¢°"2 cos 2t e cos2t  ycos2t
Cdx  dx/dt —2¢%°% gin2t  _e®s2 ginop —Xsin2t
_ Y log x v cos 2t =log x
—xlogy sin 2t =log y
Hence 4y = —M.
" dx xlogy

If x =asin 2t (1 + cos 2t) and y = b cos 2t (1 — cos 2t), show that

(d_yj b
dx ) 0
4

Given that: x =a sin 2t (1 + cos 2t) and y = b cos 2t (1 — cos 2t).
Differentiating both the parametric functions w.r.t. ¢
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dx _ a{sin 2t.£(1 + cos 2t) + (1 + cos 2t).i sin 2:‘}
dt dt dt
= a[sin2t.(—sin2t).2 + (1 + cos 2t)(cos 2t).2]

a[—2 sin’ 2 + 2 cos 2t + 2 cos> 2t]
a[2(cos? 2t — sin? 2t) + 2 cos 2]
2 i ~2

a[2 cos 4t + 2 cos 2t] [ cos 2x = cos” x — sin” x]

= 2a[cos 4t + cos 2t]
y = b cos 2t (1 — cos 2t)

d
Y b[cos 2t.dit(1 —cos 2t)+(1—cos 2t).%(cos 2t)}

b [cos 2t.sin 2t.2 +(1—cos 2t).(— sin 2¢).2]

b[2 sin 2t.cos 2t — 2 sin 2t + 2 sin 2t cos 2t]

b[sin 4t — 2 sin 2f + sin 4¢] [ sin 2x =2 sin x cos x|
b[2 sin 4t — 2 sin 2¢] = 2b (sin 4t — sin 2t)

~dy _ dy/dt 2b[sin4t-sin2t] b { sin 4f — sin 2t }

" dx  dx/dt 2a[cosAt+cos2t] @|cos4t+cos2t

Put t=—
4

n) (n) . . T
— |=sin 2.| — sin T — sin —
4 4 b 2
E) a

T

COS Tt + COS —

2
b
a

Hence, (d_]/) = E
dx Jgy=m @
4 dy T

Q51. If x=3sin t—sin 3f, y = 3 cos t — cos 3¢, find I att= 3
Sol. Given that: x =3 sin t - sin 3t, y = 3 cos t — cos 3t.
Differentiating both parametric functions w.r.t. ¢

dx

m = 3 cos t — cos 3t.3 = 3(cos t — cos 3t)
4y

= —3sin t +sin 3£.3 = 3(- sin ¢ + sin 3t)

30



Chapter 5 - Continuity and Differentiability NCERT Exemplar - Class 12

dy  dy/dt 3(—sint+sin3t) —sinf+sin 3t
dx  dy/dt  3(cost—cos3t)  cost—cos 3t

Put = =
uotE g

.. T
— sin — + sin 3()
dy 3 3
dx oS T_ Ccos 3(“)
3 3

V5 G, B B
§2
2

——+sinm® -
2

%—cosn %—(—1)
dy _ 1

Hence, — .
dx 3
Q52. Differentiate — w.r.t. sin x.
sin x
Sol. Let Y= and z=sinx.
sin x

Differentiating both the parametric functions w.r.t. x,

dy sin x.%(x)—x.d%c(sin X)

27 . 5
dx (sin x)
sinx.1—x.cosx  sinx—Xxcosx
sin? x sin? x
dz
— = (oS X
dx
sin x — x cos x

dy dy/dx _ sin? _ sinx-xcosx
dz dz/dx COS X sin? x cos x

sin x X COS X

sin? x cos x  sin? x cos x

tan x X tan x — x

sinx  sin®x sin? x
dy tanx-—x

Hence, — =
" odz sin? x

J1+x2 -1
Q53. Differentiate tan™!| Y—— —

X

w.r.t. tan~ ! x, when x # 0.
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J1+x2 -1
Sol. Let y= tan”! f] and z=tan ! x.
Put x = tan 6.
J1+tan?6 -1
y=tan"" —] and z = tan™ !(tan 8) = 6.
tan 0
sec 0-1 _1( sec6-1
= tan | ——— | =tan | ——
tan tan 0
! _ 1
_1| cos© N _1[1—Cosej
= tan — | =tan —_—
sin 0 sin @
cos 6
[ 2sin?6/2 [ sin6/2
= tan | ————— | = tan
2 sin 6/2 cos 6/2 cos 6/2
0
= y= tan‘l(tang) =y=5
Differentiating both parametric functions w.r.t. 8
dy 1 d dz d
— =——(0 —=—(9
o~ 220" ™ G5 we®
= l.l _L and 4z _ 1
2 2 dae
dy _dy/dd _1/2_1
. dz  dz/d® 1 2
Find % when x and y are connected by the relation given in each
of the Exercises 54 to 57:
0Q54. sin xy + L x2 -y.
Yy
Sol. Given that: sin xy + Lo Y.
Yy
Differentiating both sides w.r.t. x
d d
—si +— Y )——(y)
™ sin (xy) ™ (]/j
y d dy
d Vi dy
= Cosx]/.a(xy)+—2 =2x e
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. d
= Cosxy[x.d—y+y.1}+y—21—i2.d—y -
dx yo oy dx dx
= xcosxy.d—y+ycosxy+l—id—y = x—d—y
dx y y?dx dx
1
= X €os xy.d—y—%.d—y+d—y = —ycosxy——+2x
dx y° dx dx
X dy 1
= ——+1|—= =2x-ycosxy——
{xcosxy /7 }dx y Yy y
N [xyzcosxy—x+y2:|d_y _ 2xy-y* cos xy—1
y? dx y
N dy 2x]/—y2(:0sx]/—1>< i y2 i
dx y Xy~ cosxy—x+y
_ 2xy’ —y’cos (xy) — y
xy? cos (xy) — x +°
20? — 1 _
Hence, ¥ - 2XY —y cos(xy)—y

x xy?® cos (xy) — x +y*
Q55. sec (x +y) =xy
Sol. Given that: sec (x +y) =xy
Differentiating both sides w.r.t. x

%sec (x+y) = %(xy)

d dy
= sec(x+y) tan(x +y).—(x+y) = x.——+y.1
dx dx
d dy
= sec(x+y).tan(x+y)(1+%) = x'Eﬂ/
dy _ . dy
= sec(x +y).tan(x + y) + sec(x + y).tan(x + y).a = x.E+ y
= sec(x +y).tan(x + y).d—y— xd—y =1y —sec(x +y).tan(x + y)
dx  dx
d
= [sec(x +y).tan(x +y) — x] d—y =y —sec(x +y).tan(x + y)
x
dy Y- sec(x +y).tan(x +y)
= dx sec(x+y).tan(x +y)—x
Hence, d_y _ Y- sec(x +y).tan(x +y)

dx sec(x+y).tan(x +y)—x
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Q56. tan '(x*+y*) =a
Sol. Given that: tan”'(x* + %) =a
= X2+ y2 = tana.

Differentiating both sides w.r.t. x.

i(x2 +y?) = i(tan a)
dx

dx

= 2x+2y.d—y=0 :>2y.d—y=—2x

dx dx
-2 -

- dy _ Z2x_ZX
dx 2y oy

Hence, d_y = —_x.
dx y

Q57. (x*+ yz)2 =xy
Sol. Given that: (x* + %)%= xy
N eyt 207 =y

Differentiating both sides w.r.t. x

a4, d oy a5 =i
dx(x )+dx(y )+2'dx(x y) dx(xy)

d
= 4x% +4y° ZerZ[x 2y. dy+y Zx}—x—y+yl

d
= 4x° +4y dy+4x ydy+4xy = Xﬁﬂy
dy dy .y
4 3% 4 2. %9 Y | 3_4 2
= y dx+ xydx xdx y—4x’ —4xy
= (4y3+4x2y—x)j—y =y —4x® — dxy?
x

dy y—4x’ — dxy?
dx  4y® +4x’y —x

3 g
Hence, Y = Y230 4"

dx  4x’y+4y° —x J
Q58. If ax? + 2hxy + by* + 2gx + 2fy + ¢ = 0, then show that d—y é =1
Sol. Given that: ax® + 2hxy + by? + 2gx + 2fy + c = 0.
Differentiating both sides w.r.t. x

A (ax? + 2hxy + by? + 2gx + 2fy + ) = i(0)
dx dx
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=>a2x+2h(x§—y+y1)+b2y y+2g1+2f 0=0

= 2ax+2hx. d—y+2hy+2by dy+2g+2f

= th.d—y+2byd—y+2fd—y = —2ax - 2hy —2g
dx dx

dx
dy

= (2hx+2by+2f)d—=—2(ax+hy+g)
x
dy

= 2(hx+by+f)d—=—2(ax+hy+g)
x

dy —2(ax+hy+g)

dx 2(hx + by + f)

—(ax +hy + g)

- dx  (hx+by+f)

Now, differentiating the given equation w.r.t. y.

di (ax + 2hxy + by? + 2gx + 2fy + ¢) = i(0)
y dy

= 2ax.d—x+2h[y.j—x+x.1]+2by+2g.ﬂ+2f.1+0 =0
Yy dy

dy
= Zaxd—+2hy—+2hx+2by+2g—+2f 0
dy dy dy
dx dx dx
200 1oy 420 22 = _ohx—2b
= axdy ydy gdy x —2by - 2f
d
N (2ax+2hy+2g)£ = — 2hx - 2by - 2f

dx  —2hx—2by —2f

- @ B 2ax + 2hy + 28
. d_x=—2(hx+by+f) :d_x=—(hx+by+f)
dy 2(ax + hy + g) dy (ax +hy + g)
d_yﬂ_ —(ax+hy+g) || —(hx+by+ f)|
dx " dy (hx +by + f) (ax+hy +g)
Hence, d_yd_x =1. Hence, proved.
dx dy
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Q59.
Sol.

Q60.
Sol.

d _

If x =&, prove that &_ X7y .
dx xlogx

Given that: x =l

Taking log on both the sides,
log x = log ¢

= log x = Eloge = logx=§ [ loge=1] ..(7)
y
Differentiating both sides w.r.t. x
1 d|x
—logx = —| =
dx dx\y
dy
d-x.==
_ Y * dx
= - = 2
x Yy
d d
2 _ 2% 2 4y s 12
= Yy xy x.dx ix.dx Xy -y
S Yy _ye-y) _dy _y (u)
dx x? dx  x\ «x
N d_y __1 ‘(_x—yj '.'logx=£fromeqn.(i)
dx logx \ «x y
Hence, d_y - 7Y

dx  xlogx .d il )
If y* =¥ ~7, prove that —y:—( +log y) .
dx log y
Given that: y*=¢’~"

Taking log on both sides log y* =log e’ ™"

= xlogy=(y—x)loge
= xlogy=y-x [ loge=1]
= xlogy+x=y
= x(logy+1)=y
N e —9
logy+1

Differentiating both sides w.r.t. y

dx _df_y
dy  dyllogy+1

i (log y +1).1- y.tZ/(Iog y+1)

(log vy + 1)2
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Q61.

Sol.

Q62.
Sol.

1 +1- 1
_ o8 Y y'yzlogy+1—1= log y
(log y +1)* (logy+1)*  (logy+1)°

We know that

dy 1 1 _(logy +1)°

dx  dx/dy  logy logy

(log y +1)

d 2
Hence, % _ (ogy+1)” .

dx log y

2
COS X) ..o t
Ity = (cos Y9 show that 2L — YT
dx ylogcosx—1
. (COS x)(cos X) .00
Given that y = (cos x)
S y-(eosay [+ y=(eos 9/
Taking log on both sides log iy = y.log (cos x)
Differentiating both sides w.r.t. x

iz—z = }/.%log (cos x)+log(cos x).Z—Z
- ld_y =y. L .i(cos x) +log(cos x).d—y
y dx cos x dx dx
= ld_y = ¥. ! .(— sin x) +log(cos x).d—y
y dx Cos x dx
= l.d—y—log (cos x)d— = -ytanx
y dx dx

= {i—log(cosx)ki—z = —ytanx

N dy ~ —ytanx y* tan x
dx 1 log (cos x) ylog cos x —1
2
Hence, d_y = &. Hence, proved.

dx  ylogcosx—1
dy sin?(a + Y)

If x sin (a + y) + sina cos (a +y) =0, prove that -
sina

Given that: x sin (a+y) +sina cos (a+y)=0
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= xsin(a+y)=-sinacos (a+y)
—sina.cos (a+y) ) .
= = — . —+
= X sin (4 + 1) = x=-sina.cot (a+y)

Differentiating both sides w.r.t. y

dx . d
= — = —sina.—cot (a+
iy ay (a+y)
dx . 2
= — = —sina[-cosec”(a+y)]
dy
dx sin a
= I N
dy  sin“(a+y)
d_y _ 1 1
dx  dx/dy ~ sina
sin’(a + y)
d in?
Hence, Y _ w. Hence proved.
dx sina

2

1—
Q63. If J1-2 +\1-y* =a(x-y), provethatg—y= 1 4

x —x
Sol. Given that: \/1—x% +1-1y? =a(x—y)

Put x =sin 6 and y = sin ¢.

0 =sin"'xand p=sin"'y

J1-sin28 +/1-sin?¢ =a(sin 6 —sin 0)

= Vcos? 0 +/cos? ¢ =a(sin 6 — sin ¢)

= cos 0 + cos ¢ = a(sin O — sin 0)
+0 0-0
cos 0 +cos 2 cos -cos 2
= —_— = = =q
sin 6 — sin ¢ 0+¢ . 6-0
2 cos .sin
2
A+B A-B
s cosA+cosB=2cos cos >
. . . A-B
sin A—sinB=2cos .sin >
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0 -
cos ¢
( 2 ) (9—¢j
= =a = cot|——|=a

06— 2

sin
( 2 j
0-

= ¢ =cot'la =20-¢=2cot™?
= sin‘lx—sin‘ y=2cot'a

Differentiating both sides w.r.t. x

i(sin_1 X)— i(sin_1 y) = Z.icot_1 a
dx dx

dx
= LI d_y =0
\/1—x2 \/1 y? dx
N 1 'd_y= 1
1-y? dx  J1-4?
dy 1=y
dx 1-x%
1_ 2
Hence, d_y = yz.
dx 1-x
dzy

Q64. Ify=tan 'x, find o) in terms of y alone.
x

Sol. Given that: y=tan™'x = x=tany
Differentiating both sides w.r.t. y

dx dy ’
@ =sec’y = I seczy—cos y
Again differentiating both sides w.r.t. x
d dy d 2
—|—| = ——(cos
dx(dx) dx( y)
2
= ZTg = 2cos y.%(cos Y)
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4 d
= # = 2cos y (- sin y).%
42
= d—‘12/=—251nycosy.coszy
x
42
d_g =-2sinycos’y
x

Verify the Rolle’s Theorem for each of the functions in
Exercises 65 to 69:

Q65. f(x)=x(x-1)*in[0, 1]
Sol. Given that: f(x) = x(x = 1)*in [0, 1]
(i) fix) = x(x — 1)? being an algebraic polynomial, is continuous
in [0, 1].
(i1) Flx)=x2(x-1)+x-1)>2%1
=22 —2x+x%+1-2x
= 3x? — 4x + 1 which exists in (0, 1)
(if) flx) = x(x = 1)
f0) =0(0-1)*=0; f(1)=1(1-1)>=0
= f0)=£1)=0
As the above conditions are satisfied, then there must exist at
least one point ¢ € (0, 1) such that f’(c) =0
f(©)=3c*-4c+1=0 =3c*-3c-c+1=0
= 3c(c-1)-1(c-1)=0 =(-1)Bc-1)=0
= c-1=0 =c=1

3c-1=0 =3c=1 ..c= %6(0,1)
Hence, Rolle’s Theorem is verified.
Q66. f(x)= sin* x + cos? x in [0, g}
Sol. Given that: f(x) = sin* x + cos* x in [O, g}
(i) flx) = sin* x + cos* x, being sine and cosine functions, f(x) is
continuous function in {0, g} .

(i1) f/(x) = 4 sin® x.cos x + 4 cos® x (- sin x)

3

= 4 sin® x.cos x — 4 cos® x.sin x
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(iif)

= 4 sin x cos x (sin? x — cos? x)

2

= —4 sin x cos x (cos” x — sin® x)

.+ cos 2x = cos® x —sin? x}

= —2.2 sin x cOs x.Cos 2x . .
sin 2x = 2 sin x cos x

= — 2 sin 2x.cos 2x

= —sin4x which exists in (0, g) .
So, f(x) is differentiable in (O, gj .

£(0) = sin*(0) + cos*(0) = 1

13- 5ol

e
floy=f (Ej =1
As the above conditions are satisfied, there must exist at least

one point ce (O, g) such that f’(c) =0

= -sin4c=0
= sin4c =0 = sin4c =sin 0
= 4c =nm
nm
c=—,nel

4
Forn=1 —Ee(of)
orn=1, c=7 'S

Hence, the Rolle’s Theorem is verified.

Q67. f(x)=log (x*+2)—log3in[-1,1].

Sol.

Given that: f(x) =log (x*+2) —log 3in [~ 1, 1]

(i) fix) = log (x> + 2) — log 3, being a logarithm function, is

continuous in [- 1, 1].

1 2x
if) f'(x)= 2x-0= which exists in (-1, 1
(ii) f'(x) 2. 3 ( )

(i)

x°+2
So, f(x) is differentiable in (- 1, 1).

f=1)=log (1+2)-log3 = log3-log3=0
fl)=1log(1+2)-log3 = log3-log3=0
~ fE1)=f1)=0

As the above conditions are satisfied, then there must exist
atleast one point c € (-1, 1) such that f’(c) = 0.
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. 2
Tt 42
Hence, Rolle’s Theorem is verified.
Q68. f(x) =x(x +3) e *?in[-3,0].
Sol. Given that: f(x) = x(x + 3) ¢ *?in [- 3, 0]

(i) Algebraic functions and exponential functions are continuous
in their domains.
- flx) is continuous in [- 3, 0]

=0 = 2=0 .~c=0e(-1,1)

(ii) f'(x)= x(x+3).%e*"/2 +x.e*"/2.%(x+3)+(x+3).e*"/2 %.x

x(x+3).e7? .(— %) +xe 14 (x+3)e¥%1

[— x(x +3)
2

= ¢ +x+x+3}

r 2
_ —x(x+3)+2x+3]=e_x/2|:—x —3J;+4x+6]

[—x2+x+6
| 2

So, f(x) is differentiable in (- 3, 0).
(iiiy  f(-3)=(-3)(-3+3)e =0

f0) = (0) (0+3) ¢ =0

- f=3)=f0)=0

As the above conditions are satisfied, then there must exist

atleast one point ¢ € (- 3, 0) such that

e—x/2

} which exists in (- 3, 0).

f’(C)=0 — 6_5/2 ﬂ -
2
—c/2
= - [c? —c—6] =0
-c/2
= - (c=3)(c+2)=0

2
= ¢P%0 .~ (c-3)(c+2)=0
Which givesc=3,c=-2¢€ (-3, 0).
Hence, Rolle’s Theorem is verified.
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Q69.
Sol.
(@)

(if)

(iif)

Q70.

fx)= 4-x* in[-2,2].

Given that: f(x) = \J4 - x? in[-2,2]
Since algebraic polynomials are continuous,
.. flx) is continuous in [- 2, 2]

d 1 -x
fr(x) = 51/4 —x? = —————x-2x= which exists

2,/4 - x* 4-x°
in (-2, 2)
So, f(x) is differentiable in (- 2, 2).

f(=2) = J4—(-22 =J4—4=0

f@) =Ja-2?=J1-4=0
So f(-2) =f(2)=0
As the above conditions are satisfied, then there must exist
atleast one point ¢ € (-2, 2) such that

flc)y=0 = =0 = ¢=0€(-2,2)
4-¢*
Hence, Rolle’s Theorem is verified.
Discuss the applicability of Rolle’s Theorem on the function

given by
2 .
x-+1,if0<x<1
x:
fe) {3—x,if1£x£2

. () fx) being an algebraic polynomial, is continuous

everywhere.
f(x) must be differentiable at x =1
LHL = lim 20 =/@
T o1 x—1
. (P H1) - (1+1)
= lim——=

x—1 x—-1

r»1 x-1 r—»1 x—-1
. (x=D(x+1)
m—

x—1 X —
fx) - f(A)

and RH.L.= lim ———~
x—1" x-1

=lim(x+1)=(1+1)=2
x—1
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Q71.

Sol.

Q72.

Sol.

B-x)-(1+1)
m—=

=1i
x—>1 x—1
—x)—2 1-
Cim 8P =2
x—>1 x—1 x->1x—=1
L.H.L. # RH.L.

So, f(x) is not differentiable at x = 1.

Hence, Rolle’s Theorem is not applicable in [0, 2].

Find the points on the curve y = (cos x — 1) in [0, 2x], where the
tangent is parallel to x-axis.

Given that: y =cos x — 1 on [0, 2]

We have to find a point ¢ on the given curve y = cos x — 1 on
[0, 2w] such that the tangent at ¢ € [0, 27] is parallel to x-axis
i.e., f’(c) =0 where f’(c) is the slope of the tangent.

So, we have to verify the Rolle’s Theorem.

y = cos x — 1 is the combination of cosine and constant
functions. So, it is continuous on [0, 27].

Z—z = —sin x which exists in (0, 2r).
So, it is differentiable on (0, 2m).
Let f(x) =cosx-1
fl0)=cos0-1=1-1=0; f(2n)=cos2n-1=1-1=0
f0) = fi2m) =0
As the above conditions are satisfied, then there lies a point
c € (0, 2m) such that f’(c) = 0.
s—sinc=0 = sinc=0
nc=nm,nel
=c=mne (0, 2n)
Hence, c = w is the point on the curve in (0, 2n) at which the
tangent is parallel to x-axis.
Using Rolle’s theorem, find the point on the curve y = x(x — 4),
x € [0, 4], where the tangent is parallel to x-axis.
Given that: y =x(x — 4), x € [0, 4]
Let flx) = x(x—4), x € [0, 4]

(i) flx) being an algebraic polynomial, is continuous function

(i)

everywhere.

So, f(x) = x(x —4) is continuous in [0, 4].
f’(x) = 2x — 4 which exists in (0, 4).

So, f(x) is differentiable.
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(iii) f(0) =0(0-4)=
f4) = 4(4 - 4) =
So f(0) = fi4) =0
As the above conditions are satisfied, then there must exist at
least one point ¢ € (0, 4) such that f’(c) =
-4=0 = c=2€ (0,4
Hence, c =2 is the point in (0, 4) on the given curve at which
the tangent is parallel to the x-axis.

0
0

Verify mean value theorem for each of the functions given in
Exercises 73 to 76.
Statement of Mean Value Theorem:
Let f(x) be a real valued function defined on [g, b] such that if
(i) flx)is continuous on [a, b]
(i) f(x)is differentiable on (a, b)
Then there is some c € (4, b) such that

b) —
o= LO=1@
Q73. fix)= 1 1_1 in [1, 4].
Sol. Given that: f(x)= i1 in [1, 4].

(1) flx)isan algebraic function, so it is continuous in [1, 4].

@ f0= Gy

So, flx) i 1s dlf'ferentiable.
As the above conditions are satisfied then there must exist a

point ¢ € (1, 4) such that

5 which exists in (1, 4).

£ = f() f(ﬂ)
1 1
—4 44)-1 41)-1
(4c—17% 4-1
1 1

-4 15 3 1-5 -4 1 _i
T e—12 3 15x3 45 (4c-17? 45
=  (4c-1%=45
= 4c-1=13/5 :>4c=+1i3\/§
R =+1i43£
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1+
#6(1,4)

Hence, Mean Value Theorem is verified.

Q74. fix)=x>-2x>—x+3in|[0, 1].

Sol.
(@)
(if)

Given that: f(x) =x*> - 2x* —x +3in [0, 1]

Being an algebraic polynomial, f(x) is continuous in [0, 1]
f’(x) = 3x* — 4x — 1 which exists in (0, 1).

So, f(x) is differentiable.

As the above conditions are satisfied, then there must exist
atleast one point ¢ € (0, 1) such that

, o fb)— f(a)
flo=—=
3 _ 2 _ _ 0
. 32 ge 12 1O =20)" = (1) +3]-[0-0-0+3]
1-0
1-2-1+3)-(3
= 3 —dc-1=" - )= )
= 32 -4c-1=1-3 =3%—4c-1=-2
= 3¢ —4c+1=0 =3c%-3c-c+1=0
= 3c(c-1)-1(c-1)=0 =(-1)Bc-1)=0
= c-1=0 ..c=1

3c-1=0 .'.c=%e(0,1)

Hence, Mean Value Theorem is verified.

Q75. f(x)=sin x —sin 2x in [0, =].

Sol.
(@)

(i)

Given that: f(x) = sin x — sin 2x in [0, 7]

Since trigonometric functions are always continuous on their
domain.

So, f(x) is continuous on [0, «t].

f’(x) = cos x — 2 cos 2x which exists in (0, x)

So, f(x) is differentiable on (0, m).

Since the above conditions are satisfied, then there must exist
atleast one point ¢ € (0, m) such that

, (b) - f(a)
- FOS0
—-a
(sin ® — sin 2x) — (sin 0 — sin 0)
cosc—2cos2c =
n—0

= cosc—-2(2cos’c—1)=0=cosc—4cos>c+2=0
= 4cos’c—cosc-2=0
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— (D)t J(- 1) —4x4x-2
2x4
1+ /1+32 1++/33
8 -8
1++/33
= C:cos_l( 5 Je(O,n).

Hence, Mean Value Theorem is verified.

Q76. f(x)=,/25-x% in[1,5].
Sol. Given that: f{x) = /25 - x* in[1, 5]
(i) f(x)is continuous if 25 - x* >0 = —x*> - 25
=x’<25=>x<+5=>-5<x<5
So, f(x) is continuous on [1, 5].

= COSC =

= (COosc =

1 -Xx
(i1) f'(x)= ———=X(-2x) =———= which exists in (1, 5).
2425 - %" 25-x°
So, f(x) is differentiable in [1, 5].

Since the above conditions are satisfied then there must exist
atleast one point ¢ € (1, 5) such that

(b) (a)
fio = {0@
—a
-c \/25—25—\/25—1
\/25—c2 5-1
—c 0-+24
= _ =
J25- ¢ 4
c 2\/6 c J6
= = = = —
\/25—c2 4 \/25—02 2
Squaring both sides
¢ _6_3
B-c2 4 2
= 22 =75-3c¢* =5c¢2=75 = *=15

c=*415€(1,5)
Hence Mean Value Theorem is verified.
Q77. Find a point on the curve y = (x — 3)?>, where the tangent is
parallel to the chord joining the points (3, 0) and (4, 1).
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Sol.

Q7s.

Sol.

(i)

Given that: y = (x - 3)°

Let fx) = (x-3)*

Being an algebraic polynomial, f{(x) is continuous at x; =3 and
=4ie.in [3, 4].

f’(x) =2(x — 3) which exists in (3, 4).

Hence, by mean value theorem, there must exist a point c on

the curve at which the tangent is parallel to the chord joining

the points (3, 0) and (4, 1)

fe)= f(b) f whereb=4and a=3

(4-3)° —(3—3)2

= 2(c-3)=

4-3
1-
= 2C_6=T:1 = 2c=6+1=7
7
C:_
2
. (2_3)2_1
Yo VT2 Ty

7 1
Hence, (E, Z) is the point on the curve at which the tangent

is parallel to the chord joining the points (3, 0) and (4, 1).
Using Mean Value Theorem, prove that there is a point on the
curve y = 2x* — 5x + 3 between the points A(1, 0) and B(2, 1),
where tangent is parallel to the chord AB. Also, find that
point.

Given that: y =2x* - 5x +3

Let flx) =2x*-5x +3

Being an algebraic polynomial, f{(x) is continuous in [1, 2].

(i) f’(x)=4x -5 which exists in (1, 2).

As per the Mean Value Theorem, there must exist a point
¢ € (1, 2) on the curve at which the tangent is parallel to the
chord joining the points A(l 0) and B(2, 1).

f() f(a)
I e
4C_5=(8—10+3)—(2—5+3)
2-1
1-0
= 4c—5=T=1 =4c=1+5 = 4c=6
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9 15 _2_E+ _9-15+6
2 2 2 2
Hence, (%, 0) is the point on the curve at which the tangent

is parallel to the chord joining the points A(1, 0) and B(2, 1).

LONG ANSWER TYPE QUESTIONS
Q79. Find the values of p and g so that

flx) = {
Sol. Given that:
2 .
fx<1
f(x)={x Fox+p it atx=1.

x2+3x+p,ifxsl_ ) .
. is differentiable at x = 1.
gx+2,if x>1

gx+2,if x>1

LHL. f(0)= 1 f () f ©
. f(x) f()
‘(1) = lim
= f() x1—>1’ x—1
— lim (x +3x+p)-(1+3+p)
x—=1" x—1
p— 2 p— p—
i LA +30 =) + p] —[4 4 p]
h—0 1-h-1
2_ p— p—
_ lim[1+h 2h+3 3h+p]-[4+p]
=0 —-h
2_ p—
_ lim[h S5h+4+p]-[4+p]
=0 —h
2_ — —
=limh Sh+4+p—-4-p
h—0 -h
2— —
= limh oh = lim ith =3 =5
h—0 —h h—>0 —h

RHL. f/(1) = Jim £&=/@

x—1" x—1
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Q8o0.

Sol.

- lim (gx+2)-(1+3+p)

x—1" x—1

o D) 2] -4+ p]
h—0 1+h-1

_ limq+qh+2—4—p _ hmqh+q—2—p
h—0 h h—0 h

For existing the limit
g-2-p=0 = g-p=2 ...(1)
h-0
- lim T~ - q
h—>0 h
IFLHL. f(1)=RH.L. f'(1) then g = 5.
Now putting the value of g in eqn. (i)
5-p=2 = p=3.
Hence, value of p is 3 and that of g is 5.

)m+n

If x™.y" = (x + y)" ", prove that

L dy oy .
(@) X (i1) F—O.
(i) Given that: x™.y" = (x +y)" ™"
Taking log on both sides

log x™.y" = log (x +y)" " [ logxy =1log x +log y]

= logx™+logy" = (m+n)log (x +y)
= mlogx+nlogy = (m+n)log(x+y)
Differentiating both sides w.r.t. x

d
= m.ilogx+n.%logy = (m+n)Elog(x +v)

dx
1 d

N mren LW _ ntn), (1+—y)

x y dx x+y dx
. m. ndy "””(Hd_y)

x ydx x+y dx
- m E.d_yzm+n+m+n'd_y

x ydx x+y x+y dx

dy m+nd m+n

_, ondy_mindy min_m

ydx x+ydx  x+y «x

50



Chapter 5 - Continuity and Differentiability

Q81

Sol.

[n m+njdy m+n m

= = -
y x+y)dx x+y x
N nx +ny — my — ny d_y= mx + nx — mx — my
y(x +vy) dx x(x +y)
N nx —my d_y=[”x_my]
y(x+y) )dx x(x +y)
. dy nx—myxy(x+y)
dx x(x+y) nx-—my
dy _y
= R Hence proved.
i Gi Ay _y
(i) Given that: Ir %

Differentiating both sides w.r.t. x

i(d_y) _ i[z}
dx \ dx dx\ x

dy ¥_
. dz_y ) X y.1 ) X.x y |:d_y=
dx? x? dx
y-y_ 0
= =—=0
x? x?
2
Hence, Z—g = 0. Hence, proved.
X

If x =sin t and y = sin pt, prove that

4 d
(1- xz)—y 2y p*y =0.
dx? dx
Given that: x =sin t and y = sin pt
Differentiating both the parametric functions w.r.t. ¢
dx dy

E=cost and E=cospt.p=pcospt

dy dy/dt pcospt

dx  dx/dt  cost
dy p cos pt

dx  cost

Again differentiating w.r.t. x,

NCERT Exemplar - Class 12

y

X
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d(dy) _ i cos pt
dx \ dx p.dx cost

[ d d
cost.—(cos pt) — cos pt.—(cos t
. Eiz _, dx( pt) p dx( )
dx? cos’ t
i . dt . dt
cos t(—sinpt).p— — cospt(—sint).—
_, ( pt) P pH( ) o
cos’ t
[~ pcostsin pt + cos pt sin t | dt
=P 2 -
i cos” t |dx
[—pcostsinpt+cosptsint| 1
= p 2 .
L cos“ t ] cost
— p cos t sin pt + cos pt sin t |
=p 3
L cos” t i

Now we have to prove that

2
(1—x2) d7y dy

2
.F—Xa‘i‘;? y =0

+p’y

LHS=(1- xz){p(—p cos t sin pt +cos pt sint H _ypospt

cos’ t cost

— (1-sin? t){p(—p cos t sin pt + cos pt sintﬂ _ psint.cospt

cos® t cost
+p2.sin pt
, | =p* cos t sin pt +pcos pt sint psint.cos pt
= cos” ¢ 3 -
cos” t cost
+p2.sin pt
2 . . .
—p” costsinpt+p cos ptsint sint cos pt
N p pt+p p _P p+pzsinpt
cos t cos t
. —p? cos t sin pt +pcos pt sint — psint cos pt + p* sin pt cost
cost
= =0=R.H.S.
cost

Hence, proved.
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x2+1

d an x
082. Find 2, if y= ™% +
dx

Sol. Given that:y= x"""* + ﬁ/
Letu= xta‘”C and U—\/

=u+v
leferenhatmg both sides w.r.t. x
dy du dv ,
-~ = —+— -(0)
dx  dx dx

Now taking u = x'"*

Taking log on both sides log u = log (x
log u = tan x . log x
Differentiating both sides w.r.t. x

tan x)

1du_ i(tanx log x)
u'dx  dx ~B
1 du d d
—.— = tan x.—(log x) +log x.—(tan x
DA dx( g1)+log dx( )
= 1‘du = tanx.l+logx.seczx
u dx x
du [tanx ) }
= — =u +log x.sec” x
dx
t
du _ xtar”‘[ﬂ+logxsec2 x}
dx x

2
x°+1 1 2
i = 1[— = —=qx" +1
Taking v > =0 NG

Differentiating both sides w.r.t. x
dv 1 1

X
—_— = —. 2x =
dx 279 12 41 V232 +1

| du do
Putting the values of I and Jx neqn. (1)

tan x

dy }+ x
X \/E\/x2+1

dx
OBJECTIVE TYPE QUESTIONS
Choose the correct answers from the given four options in each of
the Exercises 83 to 96.

= xn [log xsec’ x +
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Q83.

Sol.

Qs4.

Sol.

Q85.

2
If f(x) = 2x and g(x) = % +1, then which of the following can

be a discontinuous function

(a) f(X)+g(X) (b) f(x)—g(X) (C) f(x)g(x) (d) %

We know that the algebraic polynomials are continuous
functions everywhere.

~f(x) + g(x) is continuous [ Sum, difference and product
f(x) — g(x) is continuous of two continuous functions is
f(x) . g(x) is continuous also continuous]
8(x)
f(x)
) f(x)  2x  4x

Ne(x) 42 -2
g(x) %?+1 x2 42

is only continuous if g(x) # 0

X2

—+1 2
x°+2
Here _g(x) g

" f(x) 2x 4x

Hence, the correct option is (d).
2

which is discontinuous at x = 0.

4-x

The function f(x) = 1 is

3

(a) discontinuous at only one point

(b) discontinuous at exactly two points
(c) discontinuous at exactly three points
(d) none of these

4 — 2
Given that: f(x) = ad
4x

3

—-x

For discontinuous function
4x—x3=0
= x(4-x%) =0
= x2-x)2+x)=0

= x=0,x=-2,x=2

Hence, the given function is discontinuous exactly at three
points. Hence, the correct option is (c).

The set of points where the function f given by

f(x) = |2x—1| sin x is differentiable is
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(@ R () R- {%} (¢) (0,)  (d) none of these
Sol. Given that: f(x) = [2x—1| sin x

1
Clearly, f(x) is not differentiable at x = 5

1
o241
2(+h)—1 sin(+h)—
‘ 2 2

RH.L = f’(lj - lim
2 h—0

= lim
h—0 h
1+2
|2h|sin( * h] ,
= lim———————% =2sin (—j
=0 h 2

N | =
=
N
|
~
Y
N | =
~—

1 f(
Also LH.L.= f’(—) = lim
2 h—0 -h

~ RHL.= f(%) #L.HL. f’(E)

So, the given function f(x) is not differentiable at x =

N | =

- f(x) is differentiable in R — {%} .

Hence, the correct option is (b).
Q86. The function f(x) = cot x is discontinuous on the set
(a) {x=nm,ne Z} ) {x=2nm;ne Z}

(c) {x:(2n+1)g;nez} (d) {xz%;nez}
Sol. Given that: f(x) = cot x

N f(x) _ COSs X

sin x
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Q87.

Sol.

Qss.

Sol.

Q89.

Sol.

We know that sin x = 0 if f{x) is discontinuous.

~If sinx=0

X = nW, 1 E NM.

So, the given function f(x) is discontinuous on the set {x = nm;
ne 7).

Hence, the correct option is (a).

The function f(x) = e" is

(a) continuous everywhere but not differentiable at x =0

(b) continuous and differentiable everywhere.

(c) Not continuous atx=0 (d) None of these

Given that: f(x) = el

We know that modulus function is continuous but not
differentiable in its domain.

Let ¢(x) = |x| and t(x) =¢"
L fn) = got(x) = glH(x)] = e
Since g(x) and f(x) both are continuous at x = 0 but f(x) is not
differentiable at x = 0.

Hence, the correct option is (a).

I

If fix) = x? sin l, where x # 0, then the value of the function f
X

at x =0, so that the function is continuous at x =0, is
(a) O ) -1 () 1 (d) none of these

Given that: f(x) = x? sin 1 where x # 0.
x

So, the value of the function fat x = 0, so that f(x) is continuous
is 0.
Hence, the correct option is (a).

. T
mx+1,if x<— -
If f(x) = is continuous at x = o then
. . T
smx+n,zfx>5

nm mn T
(@) m=1,n=0 (b)m—7+l (c)n—T (d)m—n—2
mx+l,ifx£E -
Given that: f(x) = is continuous at x = >
sir1x+n,ifx>E
LHL. = lim (mx+1)= lim[m(z—h)+l}:ﬂ+l
- h—0 2 2

T
x>
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Q90.

Sol.

Q91.

Sol.

RHL.= lim (sinx+n)= lim | sin (E + h] +n
x—>E+ h—0 2
2

=limcosh+n=1+n
h—0

When f(x) is continuous at x = g
LH.L. =RH.L.
mn
mr +1 =14+n =n= B

Hence, the correct option is (c).

Let f(x) = |sin x|. Then

(a) fiseverywhere differentiable.

(b) f is everywhere continuous but not differentiable at
x=nm,ne 2.

(c) fis everywhere continuous but not differentiable at

x= (2n+1)g,neZ.

(d) none of these
Given that: f(x) = |Sin x|
Let g(x)=sinx and f(x)= |x|
f(x) = tog(x) = t[g(x)] = t(sin x) = |sir1 x|
where g(x) and #(x) both are continuous.
- flx) = got(x) is continuous but t(x) is not differentiable at
x=0.
So, f(x) is not continuous atsinx=0=x=nn, n € Z.

Hence, the correct option is (b).
2

1-
If y = log x2 , then &y is equal to
1+x dx

3 —4x —4x°
—= O © @

(a) 4 1 1— 2%

1 _ 2
Given that: y = log [ x2 ]
1+x

=y =log (1-x%) —log (1+x?% { log = log x —log y}
y

Differentiating both sides w.r.t. x
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dy 1 .1(1—x2)— ! .i(1+x2)
dx  1-x2 dx 1+ 2 dx
- 2x 2x - 2x -2 -2x+2x°  —4x
1-x* 1+x2 (1-x3)(1+x%) 1-x*

Hence, the correct option is ().

d
Q92. If y=,/sinx +y, then d_y is equal to
X
COoS X COoS X sin x sin x

@51 O 15, ©13 @5

Sol. Given that: y = /sinx +y

Differentiating both sides w.r.t. x

4y _ ;i(sinx+ )

dx  2sinx+y dx Y
= dy _ ;.(cosx+d—yj

dx 2sinx+y dx
= dy i.[costrd—y}

dx 2y dx

dy cosx 1 dy
= = = +—.—=

dx 2y 2y dx

Cos x

L W 1y

dx 2y dx 2y

N (o L)dy _cosx  (2y-1)dy cosx
dx 2y 2y )dx 2y

d

. dy _cosx 2y :>dy= Cos x
dx 2y 2y-1 dx 2y-1

Hence, the correct option is (a).

Q93. The derivative of cos™'(2x*> — 1) w.r.t. cos™ ! x is

-1
W2 O —  © - @ 1-22
241 —x X

Sol. Lety=cos !(2x*~1)and t=cos ! x

Differentiating both the functions w.r.t. x

dy _d —1/n.2 ﬂ__
a = dxcos (2x* =1) and T v cos " x
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Q94.

Sol.

Q05.

Sol.

d -1 d -1
= Yo " (2x*-1) and ar
dx  J1-(2x? —1)% dx dx  1-x2
~14x g -1
= and — =
J-@xt+1-42) © a1
B —4x B —4x 4
Ji-ax 1442 a2 -4t 2o
d -2
- 2o
dx 1-x
-2
dy  dy/dx 1- x?
— = = =2
NoW o T ayax T -1
(1 -2
Hence, the correct option is (a).
72
If x=# and y = £, then —]2/ is
dx
3 3 3 2
2 b = ) — d) —
O © 05 @3

Given that x = > and y = £
Differentiating both the parametric functions w.r.t. ¢

d
@ _ 2t and d_y =3¢
dt dt

2
dy _dyidt 33 dy
dx  dx/dt 2t 2 X
Now differentiating again w.r.t. x
() 3t Py 31
dx \ dx 2 dx x> 2
Hence, the correct option is (b).
The value of ‘c’ in Rolle’s Theorem for the function f(x) = x° - 3x
in the interval [0, +/3] is

3 1
(@ 1 (b) -1 © 5 (d 3

Given that: f(x) = x* - 3x in [0, /3]
We know that if f(x) = x° - 3x satisfies the conditions of Rolle’s

59



Chapter 5 - Continuity and Differentiability

Q6.

Sol.

NCERT Exemplar - Class 12

Theorem in [0, +/3], then

f'(e)=0

32-3=0 = 32 =3 = %=1
c=x1 = 1e(0 V3)

Hence the correct option is ().

=

For the function f(x) = x+l,xe[1, 3], the value of ‘¢’ for
X

mean value theorem is

(@) 1 ) 3

Given that: f(x) = x + l, xel[l, 3]
X

We know that if flx) =

conditions of mean value theorem then

(c) 2 (d) none of these

1
X+ o x€[1,3] satisfies all the

b
f()—f() f wherea=1and b=3
30
1 3 1
= 17z 3-1
© 10 .
1 3° 1 4 2 1 2
= 1-= = = l-—=-=2 S5 _1---1
c? 2 6 3 2 3
1 1 1 1
= - =7 = — =7 = c=%3.
2 3 2 3

Here c= /3 e(1, 3).
Hence, the correct option is (b).

Fill in the blanks in each of the Exercises 97 to 101
Q97. An example of a function which is continuous everywhere

but fails to be differentiable exactly at two points is ...............

Sol. |x| +|x - 1| is the function which is continuous everywhere

but fails to be differentiable at x =0 and x = 1.
We can have more such examples.

Q98. Derivative of x> W.r.t. x> iS ...oecveeene.
Sol. Lety=x*and t=x>

Differentiating both the parametric functions w.r.t. x

d_y = 2x and

At = 3x?
dx dx
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dy _dyldx _ 2x _ 2
dr  dtdx  3x* 3x

.2
So, the derivative of x*> w.r.t. x% is —

Q99. If f(x) = , then f'(%j = e
Sol. Given that: f(x) = |cos x|

= flx) = cosxif xe O,E

Differentiating both sides w.r.t. x, we get f’(x) = —sin x

T (T .
at x=—, f (—) = —-sin— = -
4 4 4

Q100. If f(x) |cosx then f

Sol. Given that: f(x) = |cos x —sin x|

We know that sin x > cos x if X € (E Ej
= cosx—sinx <0

flx) = = (cos x — sin x)

f'(x) =—(-sinx—cosx) = f’(x)=(sinx + cos x)

’(n)—sin£+cos£—\/§+l—@
3) =53 3 2 2 2

dy 1 1),
Q101. For the curve \/—+\/> 1, at (Z'Zj 1St

Sol. Given that: v/x + \/y =1
Differentiating both sides w.r.t. x

1 1 dy _
2x 2y
\/7dx
- Ldy _ -1 dy -y
Jydx x T odx x
1
4
de © 474 1

61



Chapter 5 - Continuity and Differentiability NCERT Exemplar - Class 12

State True or False for the statements in each of the Exercises
102 to 106.

Q102.

Sol.

Q103.
Sol.
Q104.
Sol.
Q105.

Sol.
Q106.

Sol.

Rolle’s Theorem is applicable for the function f(x) = |x - 1| in
[0, 2].

False. Given that f(x) = |x - 1| in [0, 2]

We know that modulus function is not differentiable. So, it is
false.

If fis continuous on its domain D, then | f | is also continuous
onD.

True. We know that modulus function is continuous function
on its domain. So, it is true.

The composition of two continuous functions is a continuous
function.

True. We know that the sum and difference of two or more
functions is always continuous. So, it is true.

Trigonometric and inverse trigonometric functions are
differentiable in their respective domain.

True.

If fg is continuous at x = 4, then f and g are separately
continuous at x =a.

False. Let us take an example: f{(x) = sin x and g(x) = cot x

=cos x which is continuous

Cos X
-~ flx).g(x)=sinx.cotx= sin x.

sin x
at x =0 but cot x is not continuous at x = 0.
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