Chapter 11 - Three Dimensional Geometry NCERT Exemplar - Class 12

11.3 EXERCISE

SHORT ANSWER TYPE QUESTIONS

01

Sol.

Q2.

. Find the position vector of a point A in space such that OA is

inclined at 60° to OX and at 45° to OY and [OA| = 10 units.
Let o.=60°, B =45° and the angle inclined to OZ axis be y
We know that

cos? oL+ cos? B+ cos?y =1

= 0s?60° + cos? 45° + cos?y = 1

= (1)2+(L)2+C052 -1 = Lilicesy-t
2 V2 v 4 2 v

= g+C0$2'y=1 ﬁCOSZY=1—§=l
4 4 4
cos Y= +l = Cos _1
(Rejecting cos y= — %, since 7< 90°)
—~— =12 1~ 1=~ 1~ 1+ 1»
OA =0A|l|-i+—=j+=k|=10|Zi+—=j+=k
| l(z 272 j (2 NE )
= 5i +542] +5k

Hence, the position vector of A is (52 + 5\/5} + 512).

Find the vector equation of the line which is parallel to the
vector 3i —2j+6k and which passes through the point
(1,-2,3).

Sol. We know that the equation of line is

Fo=d+bA
Here, i =i — 2] + 3k andb 3i — 2] + 6k
- Equation of line is 7 =(i — 2] +3k) + M(31 — 2] + 6k)=

( " yj +zk) i —2j +3k) + M(3i — 2] + 6k)

= (xi+yj+2zk) —(i —2] +3k) = A(3i —2j +6k)
=(x-1)i +(y+2)j+(z—-3)k= A(3i-2j+6k) Hence,
the required equation is

(x—1)i +(y+2)j +(z—-3)k= A(3i—2]+6k)
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Q3.

Sol.

) x—1 y-2 z-3
Show that the lines =—= and
2 3 4
x—-4 y-1 . . L . .
5 = ~—— =z intersect. Also, find their point of intersection.
The given equations are

x-1 y-2 z-3 dx—4 y-1

;"3 g My g
x—1 -2 z-3
- -—-— :7\‘
Let 7 3 1
x=2A+1,y=3A+2and z=41L+3
x—4 -1 z
and = —_— =
5 2 1 H

SLx=5u+4,y=2n+landz=p
If the two lines intersect each other at one point,

then 2A+1=5u+4 = 2A-5u=3 ...()
BA+2=2u+1 = 3A-2u=-1 (i)
and 4A+3=p = 4r-p=-3 ..(iii)
Solving eqns. (i) and (i) we get
2A-5u=3 [multiply by 3]
3A-2u=-1 [multiply by 2]
= 6L —15u = 9
6L —4u = -2
0 W (o)
-1y = 11 u=-1
Putting the value of [ in eq. (i) we get,
2v-5(-1)=3
= 2A+5=3
= 2h=-2 . A=-1

Now putting the value of A and 1t in eq. (ii7) then
4-1)-(-1)=-3
-4+1=-3
—3 = — 3 (satisfied)

.. Coordinates of the point of intersection are
x=5(-1)+4=-5+4=-1
y=2-1)+1=-2+1=-1
z=-1

Hence, the given lines intersect each other at (-1, -1, - 1).

Alternately: If two lines intersect each other at a point, then

the shortest distance between them is equal to 0.

(3 =) (b xb) _

|El X Ez|

For this we will use SD =
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Q4. Find the angle between the lines

F o= 3i —2j+6k+A2i +]+2k) and
Fo= (2] — 5Kk) + w(6i + 37 +2Kk)
Sol. Here, b, = 2i +]+2k and b, = 6i +3] + 2k
b, .b, (2i + ] +2Kk).(61 + 3] + 2k)
0s0= = 2 2 2 2 2 2
B [6,] 27 + ()2 + 27 J6) + 3 +(2)
B 12+3+4 19 19 19

JAr1+4.J36+9+4 O.Ja9 3.7 21

0= cos™! (Ej
21

~1(19
Hence, the required angle is cos ! (Ej

Q5. Prove that the line through A(0,-1,-1) and B(4, 5, 1) intersects

the line through C(3, 9, 4) and D(-4, 4, 4).
Sol. Given points are A(0, -1, - 1) and B(4, 5, 1)

C(3,9,4) and D(- 4, 4, 4)
Cartesian form of equation AB is
x-=0 y+1 z+1 x y+1 z+1
= = = — = — =

4-0 5+1 1+1 4 6 2A o

and its vector form is 7 = (= j — k) + A(4i + 6] + 2k)

Similarly, equation of CD is

x-3 y-9 z-4 x-3 y-9 z-4

Z4-3 4-9 4-47 7 5 0
and its vector form is 7 = (3i +9j + 4k) + W(—7i — 5j)
Now, here & = —j—k, b =4i+6] +2k

i, = 3i +9j +4k, by =—7i —5]

Shortest distance between AB and CD

6, xb, |
iy —d; = (31 +9] +4k) — (= j — k) = 3i +10] +5k.
L. A
-7 -5 0

= i(0+10) — (0 + 14) + k(- 20 + 42)
107 —14] + 22k
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B, xB,| = (10)? + (- 14) + (22

= /100 + 196 + 484 = /780

(31 +10] + 5k)-(10i — 14 +22k)
\780
30 -140+110 _
\780
Hence, the two lines intersect each other.
Q6. Prove that the linesx=py+q,z=ry+sandx=p’ y+¢,
z=1"y+s" are perpendicular, if pp’ + 1’ +1=0

x —
Sol. Given that: xX=py+q = y= , 1
z-5
and z=ry+s = y=
B
.. the equation becomes
xX-q _Yy_z2-S. o
== in which d'ratios are a, =p, b; =1, ¢, =r
p 1 r
x _ ’
Similarly x=py+q = y= p,q
and z=1y+s = yzz—,s

.. the equation becomes r

a ,q - Y.z ,S inwhicha,=p’, b,=1,c,=7
p 1 T
If the lines are perpendicular to each other, then
aa, +byby + 0, =0
pp’+11+r" =0
Hence, pp’ + 1’ + 1 =0 is the required condition.
Q7. Find the equation of a plane which bisects perpendicularly
the line joining the points A(2, 3, 4), B(4, 5, 8) at right angles.
Sol. Given that A(2, 3, 4) and B(4, 5, 8)
2+4 3+5 4+8
2 72" 2
Now direction ratios of the normal to the plane
= direction ratios of AB
=4-2,5-3,8-4=(2,2,4)
Equation of the plane is
a(x —xy) +b(y —y;) +c(z—-2) =0
= 2(x-3)+2(y-4)+4(z-6) =0
= 2x-6+2y—8+4z-24=0
= 2x+2y+4z=38 = x+y+2z=19

4

Coordinates of mid-point C are ( ) =(3,4,6)



Chapter 11 - Three Dimensional Geometry NCERT Exemplar - Class 12

Qs.

Sol.

Q9.

Sol.

Q10.

Sol.

Hence, the required equation of plane is

x+y+2z=19 or 7(i+;j+2k)=19.

Find the equation of a plane which is at a distance 3+/3 units
from origin and the normal to which is equally inclined to
coordinate axis.

Since, the normal to the plane is equally inclined to the axes
s cos oL=cos B =cosy

= cos? o+ cos? o+ cos? o = 1

= 3cos2a=1 = COSOL=L
13
= Ccos 0L = cos B=cosy= —
p =5
So, the normal is N = i1¢+LA'+LIG
' BB
<. Equation of the plane is 7.N =d
= ?.£=d
N
;[12+1;+1;z)
= 3 f 3 =33
1~ 1~ 14
Flomi+——i+—k| =33
= PGl gt - s
= (x2+y}+z12).i(f+}'+12) =33
V3
= x+y+z=3\/§-\/§ = x+y+z=9

Hence, the required equation of planeis x +y +z=9.
If the line drawn from the point (- 2, — 1, — 3) meets a plane
at right angle at the point (1, — 3, 3), find the equation of the
plane.
Direction ratios of the normal to the plane are
(1+2,-3+1,3+3)=(3,-2,6)
Equation of plane passing through one point (x;, y;, z;) is

a(x —x;) +b(y —y;) +c(z=z) =0
= 3x-1)-2(y+3)+6(z-3)=0
= 3x-3-2y-6+6z-18=0
= 3x-2y+6z-27=0 =3x-2y+6z=27
Hence, the required equation is 3x — 2y + 6z = 27.
Find the equation of the plane passing through the points
(2,1,0),(3,-2,-2)and (3,1, 7).
Since, the equation of the plane passing through the points
(v Y1 21), (Y Yoy Z9) and (X3, Y3, 23) s
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X=X Y-lYy1 z2-7
==X Yo—Y1 22—z =0

X3 —=X1 Ys3—Y1 23— %

x-2 y-1 z-0 x-2 y-1 =z
=(3-2 -2-1 -2-0|=0=| 1 -3 -2/=0
3-2 1-1 7-0 1 0 7
-3 -2 1 -2 1 -3

= (x—2)‘ 0 7‘—(y—1)‘1 72l O‘ =0

(x-2)(-21)-(y-1)(7+2)+z(38) =0
-21(x-2)-9@y-1)+3z=0
-21x+42-9y+9+3z=10
-2lx-9y+3z+51=0=7x+3y-z-17=0
Hence, the required equation is 7x + 3y —z - 17 =0.
Q11. Find the equations of two lines through the origin which
x-3 y-3
1
Sol. Any point on the given line ya
is

tuiy

. - z T
intersect the line =1 at angles of 3 each.

O\

z

2 1 1 v (0,0,0)

= 2A+3,y=A+3 o

and z= A

Letitbe the coordinates of P P
.. Direction ratios of OP A4

are

@A+3-0), A+3-0)and (A—0) = 24 +3,A+3, A

But the direction ratios of the line PQare 2,1, 1

aa, +biby, +cicy
\/alz +b] +cF .\/aﬁ +b5 +c5
T 22X +3)+1(A +3) +1.A
3 J@2 ()2 +(1)2 J2Rh+3)2 + (A +3) +12
1 AN+6+A+3+A
2 \/E.\/47»2+9+127»+7»2+9+67»+7»2
J6 6\ +9 6\ +9

2 Jer? +18L+18 ) J6JA? + 3% +3

U
=
|
)
I
w|a

/

cos 0 =
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Q12.

Sol.

Q13.

Sol.

6  3(2h+3) M43
= -
2 ,/2+37L+3 BN/
27» 3
1= 2 o iTran43 22043
./ +3A+3

U

=  M+3A+3=422+9+12A (Squaring both sides)
= 3M+9A+6=0 = A2+31+2=0
= A+DH(A+2)=0
A=-1,A=-2
. Direction ratios are [2(- 1) +3,-1+3,-1]i.e, 1,2,—1 when
A=-land [2(-2)+3,-2+3,-2]ie,-1,1,-2whenA=-2.
Hence, the required equations are
X _ Yy z x _¥y_z
TR T BT S
Find the angle between the lines whose direction cosines are
given by the equations [+ m +n=0and I*? + m> —n?=0
The given equations are
I+m+n=20 (1)
P+m?2-n?=20 (i)
From equation (i) n =— (I + m)
Putting the value of n in eq. (ii) we get
P+m?+[-(1+m)? =0
P+m?—12—m?2-2lm=20
-2lm=20
Im=0=@Fm-nym=0[I=-m-n]
(m+nym=0 =>m=0orm=-—n
= I=0orl=-n
.. Direction cosines of the two lines are
0,-n,nand —n,0,n = 0,-1,1 and -1,0,1

teLl

s 6 = Oi-j+k).(ci+0j+k) 1 1
JE2+ =7+ V242 2
T
)

. . T
Hence, the required angle is —.

If a variable line in two adjacent positions has direction cosines
I, m, nand [ + &, m + &m, n + dn, show that the small angle 50
between the two positions is given by 862 = 81? + dm? + &n>.
Given that [, m, n and [ + &I, m + dm, n + dn, are the direction
cosines of a variable line in two positions

P+m?+n?=1 (i)
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Q14.
Sol.

and (I + 81)? + (m + dm)> + (n + dn)*> =1 (7))
= 2+ 8% + 21.8] + m? + dm? + 2m.8m + n® + dn? + 2n.dn =1

= (P +m?+n?) + (8% + dm? + dn?) + 2(L.8l + m.dm + n.dn) =1

= 1+ (817 + 8m? + dn?) + 2(1.8] + m.dm + n.dn) = 1

=13 +mdm+ndn=— %(812 +8m? + 8n?)

Let 7 and b be the unit vectors along a line with d’cosines [, m,
nand (I + 8l), (m + dm), (n + dn).

i = lf+m}+nl€ and b = (l+81)§+(m+8m)}'+(n+8n)l€

cos 80 = Lj;li

llb]

(17 +mj +nk) [ (1 +81)i + (m + &m)] + (n + Sn)k |
cos 00 =

1.1

cos 00 = [(I + &) + m(m + dm) + n(n + dn)
cos 80 =12+ 1.8l + m? + m.dm + n? + n.dn
cos 80 = (12 + m? + n?) + (1.8l + m.dm + n.6n)

cos 00 =1- %(512 +8m? + dn?)

LN

=1—-cosd0= %(812 +8m? + on?)
. 200
=2 s1n2? = %(812 +8m* + &n?)

= 4 sin? % _ &% + dm? + dn?
2 0.
?15 very smallso,

2
= 4(@) — 82+ S+ 112 sin =%
2 2 2
= (80)? = 8I? + dm? + dn? Hence proved.
O is the origin and A is (g, b, c). Find the direction cosines of the
line OA and the equation of plane through A at right angle to OA.
We have A(a, b, ¢) and O(0, 0, 0)
.. direction ratios of OA=a-0,b-0,c-0
=qa,bc

. direction cosines of line OA

a b c

\/{12 0+t \/112 02+t \/112 +b* +c?
Now direction ratios of the normal to the plane are (4, b, c).
. Equation of the plane passing through the point A(g, b, c) is
a(x —a)+b(y—b)+c(z—c)=0
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=  ax-a?+by-b*+cz-c*=0
= ax +by+cz =a?+b*+ 2
Hence, the required equation is ax + by + cz = a? + b? + ¢2.
Q15. Two systems of rectangular axis have the same origin. If a

plane cuts them at distances a4, b, c and a’, V', ¢’ respectively

.. 1 1 1 1 1 1
from the origin, prove that — + 7 t—=—0t
a c a
Sol. Let OX, QY, OZ and ox, oy, 0z be two rectangular systems
.. Equations of two planes are

b/2 + C/2 .

XY 21 ) and Z+L4Z2 (i)
a b ¢ a b o c
Length of perpendicular from origin to plane (i) is
9 + 9 + 9 -1
la b ¢ _ 1
1 1 1 1 1 1
Sl (mrera
Length of perpendicular from origin to plane (i7)
0, 0 O
—+—+—-1
_|la b _ 1
\/ 1 N 1 N 1 \/ 1 N 1 N 1
[1'2 b/Z CIZ 11’2 b/2 C/2

1 1

\/1 + L + L \/ ! + ! + !
aZ bZ CZ 11’2 b/2 C/2
1 1 1 1 1 1
a_Z bZ C_2 = a/Z + b/2 + C/Z
LONG ANSWER TYPE QUESTIONS
Q16. Find the foot of perpendicular from the point (2, 3, — 8) to the
4 - 1-

line > %= % -—% Also, find the perpendicular distance

from the given point to the line.

4-x y 1-z

Sol. Given that: S T 6T 3 is the equation of line
—4 -
N X _y_z 1 _
-2 6 -3

.. Coordinates of any point Q on the line are
x=-2A+4,y=6Aandz=-3\+1
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Q17.

Sol.

Q18.

Sol.

and the given point is P(2, 3, - 8)

Direction ratios of PQ are —2A +4 -2, 6A -3, - 31 +1 + 8
ie,—2A+2,6A-3,-31+9

and the D'ratios of the given line are - 2, 6, - 3.

If PQ L line

then — 2(— 24 +2) + 6(6A — 3) — 3(- 3L+ 9) =

= A N—4+36A—-18+9A-27 =0

= 49h-49=0 = A=1

.. The foot of the perpendicular is — 2(1) + 4, 6(1), - 3(1) + 1
ie,2,6,-2

Now, distance PQ = /(2 —2)2 + (3 - 6) + (- 8 + 2)?
= J9+36 =45=35

Hence, the required coordinates of the foot of perpendicular
are 2, 6, — 2 and the required distance is 3+/5 units.
Find the distance of a point (2, 4, — 1) from the line
x+5 y+3 z-6
1 4 -9
The given equation of line is
lerS = }/1322 96:l and any point P(2, 4, - 1)
Let Q be any point on the given line
. Coordinates of Qarex=A-5,y=4A-3,z=-9A+6
D’ratiosof PQare A—-5-2,4A-3-4,-9A+6+1
ie, A-7,4A-7,-9N+7
and the d’ratios of the line are 1,4, - 9
If PQ L line then
1A -7)+4(4A-7)-9(-91+7)=0
A—7+161L-28+81A-63=0
= 98L-98=0 .. A=1
So, the coordinatesof Qare1-5,4x1-3,-9x1+6
ie,—-4,1,-3

PQ= \/(—4—2)2+(1—4)2+(—3+1)2

= JC6 (=32 +(-2)° = 36+9+4=A9=7

Hence, the required distance is 7 units.
Find the length and foot of perpendicular from the point

[1, %, 2) to the plane 2x - 2y + 4z +5=0.
Given plane is 2x — 2y + 4z + 5 =0 and given point is (1, ;, 2)

D’ratios of the normal to the plane are 2, -2, 4

10
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Q19.
Sol.

So, the equation of the line passing through (1,%, 2) and

whose d’ratios are equal to the d’ratios of the normal to the
3
x-1 Y75 z-2
ie,2,—-2,4i = = =2
planeie., 2,-2,4is > 5 1

. Any point in the planeis 2A + 1, — 2\ + %, 4h+2

Since, the point lies in the plane, then

22A+1) —2(—2%+%) +4(4L+2)+5=0
=4A+2+41-3+16A+8+5=0
=24A+12=0 .. A= —%

So, the coordinates of the point in the plane are

2(_1)+L —2(—lj+g,4(—l)+21370,§,0
2 2)72 2 2

Hence, the foot of the perpendicular is (0,;,0) and the

required length \/(1 0)? + (; - gj +(2-0)

= [1+1+4 =46 units

Find the equations of the line passing through the point
(3, 0, 1) and parallel to the planes x + 2y =0 and 3y —z =
Given point is (3, 0, 1) and the equation of planes are
x+2y=0 (1)
and 3y—-z=0 ...(if)
Equation of any line / passing through (3, 0, 1) is
x—23 Yy - 0 z-1
l: =—=
a b c
Direction ratios of the normal to plane (i) and plane (ii) are
(1,2,0)and (0, 3,-1)
Smce the line is parallel to both the planes.
. 1a+2b+0c=0 = a+2b+0c=0
and 0.a+3b-1c=0 = 04a+3b-c=0
a -b c
50 >0 " Zi-0 3-0 "
sa==-20b=2%c=3A
So, the equation of line is
x-3
-2

11



Chapter 11 - Three Dimensional Geometry NCERT Exemplar - Class 12

Q20.
Sol.

Q21.

Sol.

Hence, the required equation is
x-3 y z-1

1 3

or in vector form is
(x=3)i +yj +(z =1k = M=2i +] +3k)
Find the equation of the plane through the points (2, 1, — 1)
and (-1, 3, 4), and perpendicular to the plane x — 2y + 4z = 10.
Equation of the plane passing through two points (xy, y;, z1)
and (x,, y,, z,) with its normal’s d’ratios is
a(x = x,) + by~ y)) + €z~ ) =0 )
If the plane is passing through the given points (2, 1, — 1) and
(-1,3,4) then
a(xy = x7) + b(y, —yy) + €(2,-2) = 0
= a-1-2)+bB-1)+c(4+1)=0
= —-3a+2b+5c=0 ..(if)
Since the required plane is perpendicular to the given plane
x -2y +4z =10, then
la-2b+4.c=10 (i)
Solving (ii) and (iii) we get,
a _  -b ¢
8+10 -12-5 6-2
a=18\ b=17A, c =4\
Hence, the required plane is
18Mx-2) +17My - 1) +4A(z+1) =0
= 18x-36+17y—-17+4z+4 =0
= 18x+17y+4z-49=0
Find the shortest distance between the lines given by
=8+ 3K)z -9+ 16%)1 +(10+ 7Nk

and 7= 151+29]+5k +W(3i +8j —5k) .
Given equations of lines are
F o= (8+3W)i —(9+161)] + (10 + 7A)k ()
and 7 = 15i +29] + 5k + (31 + 8] — 5k) ...(i)
Equation (i) can be re-written as
F = 8 —9] +10k + A3 — 16] + 7k) ...(iii)
Here,  d = 8/ —9]+10k and 7, =15i +29; + 5k
b, = 3i —16j +7k and b, =3i + 8] — 5k
i, —d, = 71 +38j — 5k
i Tk
byxb, =13 —16 7
3 8 -5

12
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Q22.

Sol.

Q23.

Sol.

1(80 — 56) — j(— 15 — 21) + k(24 + 48)
247 + 36 + 72k
_ @ —a).(0y xby)|
1B, % By
(71 +38] - 5k).(241 + 36 + 72K)|
B J24) +(36)% +(72)° ‘

.. Shortest distance, SD

168 +1368 —360 | |168+1008| 1176
J576+1296 +5184| | 7056 | 84

Hence, the required distance is 14 units.

Find the equation of the plane which is perpendicular to the
plane 5x + 3y + 6z +8=0 and which contains the line of intersection
of the planes x +2y +3z—-4=0and 2x +y—z +5=0.

The given planes are

P,: 5x+3y+6z+8=0

P,: x+2y+3z-4=0

=14 units

P, 2x+y-z+5=0
Equation of the plane passing through the line of intersection
of P, and P, is
(x+2y+3z-4)+AM2x+y—-z+5)=0
= (1+20M)x+ 2+ )y+(B-A)z-4+5L=0 (D)

Plane (i) is perpendicular to P;, then
51+20)+32+A)+6(3-1) =0
= 5+10A+6+3A+18-6A=0
= 7A+29=0
-29
7
Putting the value of A in eq. (i), we get

-29 -29
{1+2(—)}x+[2—§}y+[3+§}z —4+5(—j =0
7 7 7 7
-15 15 50 145
>—x-——y+—z-4-—=0
7 7 7 7
= -15x-15y+50z-28-145=0
= -—15x-15y+50z-173=0 = 5lx+15y-50z+173=0
The plane ax + by = 0 is rotated about its line of intersection
with plane z = 0 through an angle a.. Prove that the equation of

the plane in its new positionis ax + by * (\/ a* +b* tan Oc)z =0.
Given planes are:

13



Chapter 11 - Three Dimensional Geometry NCERT Exemplar - Class 12

Q24.

ax+by =0 (1)
z=0 .. (if)
Equation of any plane passing through the line of intersection
of plane (i) and (i7) is
(ax+by)+kz=0 = ax+by+kz=0 ...(iif)
Dividing both sides by y/a° +b* +k*, we get
a b k

X+ Y+ z =0
N Y N e N 5

. Direction cosines of the normal to the plane are
a b k

Ja2 + 1+ K ’ Ja2 + 0+ K3 , Ja2 + 0% + K
and the direction cosines of the plane (i) are

a b
7 /0
\/uz +b? \/a2 +1?

Since, o is the angle between the planes (i) and (iii), we get

a.a+b.b+k.0
Cos O =
\/a2 +0? + K .\/az +b2
a® +b?
= Cos O =
\/aZ +b* + k2 .\/a2 +b?
’a2+b2 2+ b2
= COS Ol = ——— = cos?o=

a* +b* + k2 @ +b + K
= (@ +b?+Kk?) cos? o = a® + 1?
= % cos? o+ b? cos? o + k% cos? o, = a2 + b?
k% cos? a. = a2 — a% cos? oL + b% — b2 cos® o
k? cos? o = 0(1 — cos? o) + b*(1 — cos? o)
k% cos? o, = a2 sin? o, + b? sin? o
k? cos? o = (4% + b?) sin® o,

2
o
k2= (a® +b2):§;2 == k= +./a* +b* .tan o
Putting the value of k in eq. (iii) we get

ax+by (\/az +b* .tan OC)Z =0which is the required equation
of plane.

Hence proved.

Find the equation of the plane through the intersection of
the planes 7’.(1T + 3]A') -6=0 and ?,(3f - ]A - 4]2) =0, whose
perpendicular distance from origin is unity.

(I

14



Chapter 11 - Three Dimensional Geometry NCERT Exemplar - Class 12

Sol.

Q25.

Sol.

Given planes are;

F.(i+3])-6 =0 = x+3y—-6=0 ()
and 7.3i-j-4k) =0 = 3x-y-4z=0 ...(ii)
Equation of the plane passing through the line of intersection
of plane (i) and (i7) is

(x+3y-6)+k(Bx—y—4z) =0 (i)

(1+3k)x+B-k)y—-4kz-6=0
Perpendicular distance from origin
| —6 |
=1

1 +3k7 + (3= + (- 4k |
36
= = 1 [Squaring both sides
1+9k? + 6k +9 + k> — 6k + 16k (59 & ]
3—6=1 = 26k*+10=36
26k- +10
= 26k% =26 = kK=1 ~k=+1

Putting the value of k in eq. (iii) we get,
(x+3y-6)+Bx—-y—-42)=0

=>x+3y-6+3x—-y—-4z=0andx+3y-6-3x+y+4z=0

=4x+2y-4z-6=0and -2x+4y +4z-6=0

Hence, the required equations are:

4x+2y—-4z-6=0and -2x +4y +4z-6=0.

Show that the points (i - } + 312) and 3(i + ]A + 12) are equi-
distant from the plane F.(5f + 2} - 712) +9=0 and lies on
opposite side of it.

Given points are P(f - } + 312) and Q(3f + 3} + 312) and the

plane 7.(5i +2] - 7k)+9 =0

Perpendicular distance of P(i — ]A + 3]2) from the plane

(i —j+3k).(51 +2] - 7k) + 9|
JEr+@2 +(-77 |

5-2-21+9| |-9|

J25+4+49| |78

and perpendicular distance of Q@i +3 j+ 312) from the plane
(31 +3] +3K).(51 + 2] - 7k) + 9|

F.(51+2]—7k)+9 =

- 25+ 4 + 49 |
_ 15+6—21+9|_| 9 |
J78 | |V7s|

15
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Q26.

Sol.

Hence, the two points are equidistant from the given plane.
Opposite sign shows that they lie on either side of the plane.
AB=3i - ]A +k and CD=-3i + 2]A' + 4k are two vectors. The
position vectors of the points A and C are 6i + 7} +4k and
- 9]A' + 2k, respectively. Find the position vector of a point P
on the line AB and a point Q on the line CD such that PQ is
perpendicular to ABand CD both.
Position vector of A is 61 + 7} +4k and AB = 3i - ]A +k
So, equation of any line passing through A and parallel to AB
Fo=(6i+7]+4k)+A3i —] +k) ()
Now any point Pon AB =(6+3), 7 -1, 4+1)
Similarly, position vector of C is — 9} + 2k
and CD = —32+2}+4]€
So, equation of any line passing through C and parallel to
CD is . L
7= (=97 +2k)+ (- 3i +2j +4k) (i)
Any point Qon CD = (-3y, —9+2u, 2 +4y)
d’ratios of PQ are
(6+3A+31, 7-A+9-2u,4+A—-2-4p)
= (6+3A+3W), (16 —A-2u), (2+A-4u)
Now PQ is L to eq. (i), then
3(6+3A+3u)-1(16-A-2n)+1(2+A-4u)=0
= 18+9A+9u—-16+A+2u+2+A-4u =0
= TIA+7u+4=0 ...(1ii)
PQ isalso L to eq. (i), then
=36 +3A+3u)+2(16 -A-2u)+42+A—-4p) =0
= -18-9A-9u+32-2A—-4u+8+4r-16u=0
= -7A-29u+22=0
= 7A+291-22 =0 ...(iv)
Solving eq. (iif) and (iv) we get
770 + 491 + 28 =0
776 +319u -242 =0
0 O G2)
-270u +270 =0
sp=1
Now using u =1 in eq. (iv) we get
7A+29-22=0 = A=-1
.. Position vector of P=[6+3(-1),7+1,4-1]=(3, 8, 3)
and position vector of Q =[-3(1), 9+ 2(1), 2 +4(1)] = (- 3,7, 6)
Hence, the position vectors of
P=3i+8] +3k and Q=—3i — 7] + 6k

16
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Q27.

Sol.

Q28.

Sol.

Show that the straight lines whose direction cosines are given
by 2l +2m —n =0 and mn + nl + Im = 0 are at right angles.

Given that 2] +2m —n =0 (D)
and mn+nl+Im=0 ...(if)
Eliminating m from eq. (i) and (ii) we get,

n—21

m =

2
(n_zl)n+nl+l(—n_21)=0
2 2

n® =2nl + 2nl + nl — 217 3
5 =

[from (7)]

0

U

= n?+nl-2P=0
= n?+2nl-nl-22=0
= nn+2)-In+20)=0
= m-h(n+2))=0
= n=-2] and n=I
-21-2] 1-2I
"= _

rm_
2 2
21 !
= =-21, = —
m m >

Therefore, the direction ratios are proportional to [, — 21, -2/
-1
dl, —, L
an >

= 1,-2,-2and2,-1,2
If the two lines are perpendicular to each other then
12)-2(-1)-2%x2=0
2+2-4=0
0=0
Hence, the two lines are perpendicular.
If I, my, ny; 1y, my, ny; Ly, my, n, are the direction cosines of
three mutually perpendicular lines, prove that the line whose

direction cosines are proportional to I; + I, + I;, my + m, + m,,
n, +n, + n,, makes equal angles with them.

Let 4, l;, ¢and d are such that

A =Li+mj+mk

17
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b = 122+m2}+n212
¢ = l3f+m3}+n312

Since the given d’cosines are mutually perpendicular then
L, + mymy, +nyn, =0
Loly + mymy + nyny = 0
L+ mymg +nyny, =0

Let o, B and ybe the angles between 4 and 51, b and ;l, ¢andd

respectively.
cos o= Ly(ly + 1y + L) + my (my + 1y + mg) + 1y (1 + 1y + 113)

B+ Ll + Ll +md +mymy +mymy + 15 + nyny +nyng
2 2, .2
(G +my +ny) + (1L +mymy +nyn,) + (115 + mymy +nyns)

=1+0+0=1
2008 B = Ly(ly + 1y + L) + my(imy + 1y + mig) + ny(ny + 1y + 1)

= Ll +13 + Ly + mymy +m3 + myms + myny + 13 + 11,
2.2, 2

(Iy +my +m3) + (Ll + mymy + nyng) + (Lly + mynis + nyn;)

=1+0+0=1

Similarly,
008 Y = Iy(ly + Iy + Ly) + mg(my + 1y + 1m) + my(ny + 11y + 113)

= Ll + 1, +l§ + mymy + mymg +m§ + myng + nyn, +n32,

(G +m3 +n3) + (Ll + mymg + nyg) + (Lly+ mayms + )
1+0+0=1
. €os .= cos 3 =cos y=1=> o.=P =ywhich is the required result.

OBJECTIVE TYPE QUESTIONS
Choose the correct answer from the given four options in each of the

Exercises from 29 to 36.

Q29. Distance of the point (o, B, y) from y-axis is
(@) B (b) |Bl © Bl+P @ o +7°

Sol. The given point is (o, 3, V)
Any point on y-axis = (0, B, 0)

Required distance = \/(OC —0)* +(B—B)* + (v - 0)°

Hence, the correct option is (d).

18
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Q30.

Sol.

Q31

Sol.

Q32.

Sol.

Q33.
Sol.

Q34.

If the direction cosines of a line are k, k, k, then
(@) k>0 ) 0<k<1 (c) k=1 d) k=
If I, m, n are the direction cosines of a line, then

P+m?+n?=1
So, KR+k+k>=1

1
2 =

= 3k = . 1 | = k=% NE
Hence, the correct option is (d)
The distance of the plane T’.(—f + é} - 912) =1 from the
origin is 71 77
(@) 1 o) 7 (c) - (d) None of these

e \/—

Given that: ?(%2 + E} - 912) =
7 77

So, the distance of the given plane from the origin is

| -1 || -1 ]_1
72 32 _6\ 4 9 36 1
(3) *(?) +(7) 29719 9

Hence, the correct option is (a).
The sine of the angle between the straight line

x—2 -3 -
S A and the plane 2x-2y+z= 51s

3 4 5
(a) o (b) 50 () (d) E
-2 y-3 z—4

Giventhat: [:—F— = ——=
3 4 5
and P:2x-2y+z=5
d’ratios of the line are 3,4, 5
and d'ratios of the normal to the plane are 2, -2, 1
3(2) +4(-2)+5(1)

J9+16+25. [4+4+1
6-8+5 3 _ 1 _\2

\/50.3 5V2.3 5v2 10
Hence, the correct option is (d).
The reflection of the point (o, f, ) in the xy-plane is
@) (oB,0) () 0,0 © o-By) @ (B~
Reflection of point (o, B, ) in xy-plane is (o, B,—Y).
Hence, the correct option is (d).
The area of the quadrilateral ABCD, where A(0,4,1), B(2,3,-1),
C(4,5,0) and D(2,6,2) is equal to

sin 0 =

= sin 0 =

19
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Sol.

Q35.

Sol.

Q36.

Sol.

(a) 9 sq. units (b) 18 sq. units
(¢) 27 sq. units (d) 81 sq. units

Given points are

A(0,4,1),B(2,3-1),C(4, 5 0)and D(2,6,2)

d’ratiosof AB =2,-1-2

and d’ratios of DC =2,-1,-2 D C

~ ABIIDC 262) (50)
Similarly, d’ratios of AD=2,2, 1
and d'ratiosof BC=2,2,1

=~ AD IIBC

So OABCD is a parallelogram.

AB = 2i—]-2k
AD =20 +2j+k
.. Area of parallelogram ABCD = |A—B X A—D|

A B
04,1) (2,3-1)

ik
=2 -1 —2[=i(-1+4)—j(2+4)+k(4+2) = 3i —6] + 6k
2 2 1

= J3)* + (= 6)* +(6)> =/9+ 36 + 36 = /81 =9 sq units
Hence, the correct option is (a).
The locus represented by xy + yz =0 is
(a) A pair of perpendicular lines
(b) A pair of parallel lines
(c) Apair of parallel planes
(d) A pair of perpendicular planes
Given that: xy+yz=0

y.(x+z)=0

y=0or x+z=0

Here y =0 is one plane and x + z = 0 is another plane. So, it is a
pair of perpendicular planes.
Hence, the correct option is (d).
The plane 2x — 3y + 6z — 11 = 0 makes an angle sin™ (o) with
x-axis. The value of o is equal to

5 2 2 3

@ >0 @5 @

Direction ratios of the normal to the plane 2x -3y + 6z —-11=0
are2,-3,6

Direction ratios of x-axis are 1, 0, 0
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.. angle between plane and line is
2(1) — 3(0) + 6(0)
V@7 + (=3 +(67) (1) +(0)° +(0)°
2z 2
- JA+9+36 7
Hence, the correct option is (c).
Fill in the blanks in each of the Exercises from 37 to 41.
Q37. Aplane passes through the points (2 0,0),(0,3,0)and (0,0, 4).
The equation of plane s ................
Sol. Given points are (2, 0, 0), (0, 3, 0) and (0, 0, 4).
So, the intercepts cut by the plane on the axes are 2, 3, 4
Equation of the plane (intercept form) is
Yy z x Yy z

£+—+—=1 = —+=+—-=1
a b ¢ 2 3 4

sin 0 =

y z

Hence, the equation of plane is % + 3 +— =1

Q38. The direction cosines of vector (22’ + 2}' - 12) are ..ooveeeeneee.

Sol. Let i=2+2j—k

direction ratios of d are?2,2, -1

2 2 -1
Ji+4+1 [A+4+17 Ja+4+1

So, the direction cosines are

2 2 -1
= T, T
33 3 2 9
Hence, the direction cosines of the given vector are 33
x-5 y+4 z-6

Q39. The vector equation of the line 3 T T, IS e

Sol. The given equation is
x-5 y+4 z-6
3 7 2

Here 4 = (51 — 4] +6k) and b = (3i +7] + 2k)

Equation of the line is 7 = + b\

Hence, the vector equation of the given line is

7 = (5 - 4] +6k) + M(31 +7] + 2k)

Q40. The vector equation of the line through the points (3, 4, - 7)

and (1,-1, 6) iS cceeueueenee.

Sol. Given the points (3, 4, - 7) and (1, -1, 6)
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Q41.

Sol.

Here a = 32+4}—7I€ and b = f—}+6l€
Equation of the line is 7 = + Mb — d)
= F = (30 +4) - 712)+x[(§—}+612)—(3?+4}—712)]
=>r-(3z+4]—7k)+x( 5}+1312)
= (xi +y] +2k) = (31 +4j —7k)+x( 2i — 5}'+1312)
= (x-3)i +(y - 4)] +(z+7)k = M-2i - 5j +13k)
Hence, the vector equation of the line is
(x— 3)1 +(y - 4)] +(z + 7)k = M- 2i — 5] + 13k) R
The Cartesian equation of the plane 7.(i +j— k) 2 is
Given equation is ?.(f + ]A - 12) =2
= (xi +yj +2k).(i +] —k) =2
= x+y—z=2
Hence, the Cartesian equation of the plane is x + y —z = 2.

State True or False for the statements in each of the Exercises from 42 to 49.

Q42.

Sol.

Q43.

Sol.

Q44.

The unit vector normal to the plane x +2y +3z - 6=01is
1~ 2~ 3 »

i+ + k
Ji' i
Given planeis x +2y +3z-6=0

Vector normal to the plane =i+ 2} +3k
i+ 2] +3k 1~ 2~ 3 -

~ J e+ “a

Hence, the given statement is ‘true’.
The intercepts made by the plane 2x — 3y + 5z + 4 = 0 on the

4 -4
coordinate axes are — 2, 35

:x|m

5
Equation of the plane is 2x -3y +5z+4=0
= 2x - 3y+5z——4
3
= ix y+ =1
-4 -4 -4
Y z

+ =1
= 22 43 Zajs

4 4
So, the required intercepts are — 2, 5 and — g

Hence, the given statement is “true’.
The angle between the line 7 = (51 —] 4k)+k(21 —] + k) and
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Sol.

Q45.

Sol.

Q46.

Sol.

RN Aoon e .1 5
the plane 7.(3i —4j —k)+5=0 is sin [mj
Equation of line is 17=(51¢—]A'—412)+7\.(21¢—;+12) and the
equation of the plane is ?.(32—4}—12)+5=0
Here, b, = 2?—}'+l€ and 17, =3f—4}'—l€

b
sine=—fna2
B[22
I N R _ 9
. sin6=(21 j+k).3i-4j—k) 6+4-1

JE+1+1.9+16+1 T J6.426  J6.\26

9
= sin @ = ﬁ which is false.

Hence, the given statement is “false’.
The angle between the planes 7.(2i - 3]A' + 12) =1 and

?.(f - ]A') =4is cos™! (_FZ)

The given planes are F.(Zf— 3]A' + 12) =1 and ?.(zA' —]A') =4
Here, b, = 22—3}'+I€ and b, =(f—f)

b, .ii,

A

_Qi-3j+k.(i-]) 2+3 5

O fArorL T+l VA2 V28

_ 5
9= cos ! (Ej which is false.

Hence, the given statement is ‘false’.
The line 7 = 2i — 3]A' —k+ AMi - ]A + 212) lies in the plane
r-(3i+j—k)+2=0.

So, cos 0 =

= cos 6

Direction ratios of the line (f - ]A + 212)

Direction ratios of the normal to the plane are (3i +j — k)
So (i—j+2k).3i+j—-k)=3-1-2=0

Therefore, the line is parallel to the plane.

Now point through which the line is passing

i=2-3j-k
If line lies in the plane then
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Q47.

Sol.

Qu8.

Sol.

Q49.

Sol.

(2 -3j-k).Gi+]j-k)+2=0
6-3+1+2=#0
So, the line does not lie in the plane.
Hence, the given statement is “false’.
x-5 y+4 z-6
7 2

The vector equation of the line is
F=5i — 4] + 6k + M3 +7] +2k) .
The Cartesian form of the equation is
x—-5 y+4_z—6_7L
3 7 2
- Herex;=5y,=-4,2=6,a=3,b=7,c=2
So, the vector equation is 7 = (5 —4j + 6k) + A(3i + 7] + 2k)
Hence, the given statement is ‘true’.

Theequationofaline, whichis parallel to 2i + ]A + 3k andwhich
x-5 y+2 z-4
2 -1 3"
Here, x;=5,y,=-2,z,=4,a=2,b=1,c=3
YT _Y-h_z4
b

passes through the point (5, -2, 4) is

We know that the equation of line is
x-5 y+2 z-4

2 1
Hence, the given statement is “false’.
If the foot of the perpendicular drawn from the origin to a plane
is (5,—3, —2), then the equation of plane is ?.(51¢ - 3} - 212) =38.
The given equation of the plane is 7 .(5? - 3} - 212) =38
If the foot of the perpendicular to this plane is
(5,-3,-2)i.e, 5 —3j — 2k then
(51 — 3] — 2k).(51 — 3] — 2k) =38
= 25+9+4 =38

38 =38 (satisfied)

Hence, the given statement is “true’.

=
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